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NOTES FOR SYMBOLIC LOGIC. FIRST PART

by

R. Carnap

These notes are not meant as an introduction to symbolic logic. They give merely a
survey of the symbolism and its rules, with no explanations or only short ones. Sometimes

references are given to the following books which supply detailed explanations:

Abbreviation

Carnap - Abr. Carnap, Abriss der Logistik. Vienna 1929.

Carnap - Sy. Carnap, Logical Syntax of Language. N.Y. 1937.

Hilbert Hilbert and Ackermann, Grundziige der theoretischen Logik.
Berlin 1928.

Lewis Lewis and Langford, Symbolic Logic. N.Y. 1932.

PM 'Whitehead and Russell, Principia Mathematica. Vol. I,
Cambridge (1910) 2nd ed. 1925.

1. Use of Letters
Kinds of Symbols

Letters Used

Designate

Level As Constants | As Variables
sentential symbols - AB,C... P,q.r... --(states
of
affairs)
individual symbols 0 a,b,c... X,Y,Z,U... objects
predicates 1-place 1 P.Q... F.G... properties
« 2-place 1 R,S... HXK... relations
2 2
« (see #9) ) nP... F.. propert.‘ of
n P... nF... properties
functors (see #10) k... f,g...
Examples of Sentences Translation

P(b)
R(a,b)
P(Q)(see #9)

the object b has the property P; b is P

the relation R holds between a and b
the property Q has the property (of properties)
’P; Q is *P.




In ‘R(a,b)’, ‘a’ and ‘b’ are called arguments. A predicate is called n-place or of degree n
if it requires n arguments. A sentence consisting of an n-place predicate and n arguments is
called a full sentence of that predicate.

2. Sentential Calculus

Sentential Connectives.
(Hilbert Kap.L,#1; Carnap-Abr.#3; Carnap-Sy.#5.)

Explained b.y Other Name Translation
Connectives
~A negation not A
Av B disjunction A or B (or both)
A.B conjunction A and B
. .. not A, or B;
ADB ~A v B implication £ A then B
A and B, or, not A and
not B;
A=B ((AA:>B§3;/ ((];AD NAB)) equivalence if A then B, and if B
' then A;
A if and only if B
(A .B) not, A and B;
A|B ~(A) v (~B) (incompatibility) either not A or not B
or both

is seldom used in practical application.

The truth-value table of a connective states the truth-value -- i.e., truth (T) or falsehood (F) -- of
a full sentence with respect to the truth-values of the arguments. (Lewis pp. 200-211; Carnap-
Abr. #3; Carnap-Sy.#5)

L A ~aA
T| F
Fl T

. A B | AvB | A.B | AoB | A=B AlB
T T T T T T F
T F T F F F T
FooT T F T F T
F F F F T T T




3. Lower Functional Calculus

Universal and Existential Sentences.

(Lewis ch. V; Carnap-Abr. #6; Carnap-Sy. #6)

Examples of Sentences

Kinds of Sentences

Translation

P (x)
T

free variable
bound variable

!
x)  PX)
! !
univ. operand
operator
bound var.
!
(3x)  (P(x))
l !
exist. operand
operator

Formative Rules.

opens .

> universal s.

> closeds .

existential s.

every object is P

some (at least one)
object is P;

[there is an object
which is P

An expression is a sentence (of the lower functional calculus, including the sentential
calculus) if and only if it has one of the following forms (where at the place of “...” and ‘---,

sentences of any form may stand):

Form Kind of Sentence Examples
1. |a sentential symbol \ Asp
2. [a full sentence of a P(a): R
[predicate (see #1) afomic s. (@) R(x.y)
3.  [an identity sentence a=b;x=y
4. [~ > ~ (A~ v 9
molecular s.
5. () v () (A) v (B)
(). () P(a) . (R(b,x))
() 2(-) (F(y)) o (A0)(F(x))
()= () / P = (@




6. |®)(..) where at X)((P(x)) v (R(x,b)))
the place of general s.
(Ix)(...) ‘x” any other indiv. (3Ix) ((y) (R(x,y)))
var. may stand
Conventions for Avoiding Brackets.
Brackets enclosing a certain expression may be omitted if one of the following conditions
is fulfilled:
Rule The Enclosed Expression Has the The Enclosed Expression Occurs in
Following Form: the Whole Sentence as Follows:

1. any atomic sentence as a member of a sentential connection
2a. negation as a member of any sent. conn.
2b. disjunction or conjunction as a member ofg n implication

or an equivalence
3a. disjunction as a member of a disjunction
3b. conjunction as a member of a conjunction
(Rule 3a is justified by Th. 34 (see #7); 3b by Th.35)
4. operator with operand in any way
5 operand as the smallest sentence immediately
’ p following the operator
Examples:
Rule Instead of We May Write
~(A) ~A
1. (P(a) )v (R(b,c)) P(a) v R(b,c)
(x=y) 2(y=x) X=yDy=Xx
(~A)v B ~Av B
2 (~A).B ~A . B
' (~A) oB ~A > B
(~A)=B ~A=B
o (P.q) >0/ Va9 p-4>pVvq
' (Av B)=(C.D) AvB=C.D
(AvB)vC
3a. Av (Bv C) Av Bv C




(A.B).C
3b. AB.CL } A.B.C.

4 ~((®) (P(x) v Q(x))) ~(X) (P(x) v Q(x))

' x) ((¥) (F2) (T(x,y.2) . A))) x) () (32) (T (x.y,2) . A)
5 x) (P (x) v A (x)P(x) v A

' (3%~ RKxy).B (3 ~(y)R(xy).B

4. Transformative Rules. (Hilbert, Kap. III, #5; Carnap-Sy. #10)

Primitive Sentences.

1. Sentential Calculus.
PSL.pvpop
PS2.popvgq
PS3.pvgoqvpy
PS4 (poq o vp>drva

2. (Lower) Functional Calculus.

PS 5. (x)F(x) o F(y)
PS 6. F(y) o (Ix)F(x)
3. Identity.
PS7.x=x
PS8 x=y o (F(x) o F(y))

Rules of Inference.

A sentence S; is called directly derivable from a sentence S; or (in the case of R2) from
two sentences S; and S; -- called the premisses,-- if and only if one of the following conditions is
fulfilled:

RI. Rule of Substitution. S3 is constructed out of S; by substituting for a variable
wherever it occurs as a free variable in S; a symbol or expression of a suitable kind (see below,
(a)-(d)). At all places the same symbol or expression must be substituted. An expression meet not
be substituted if it contains a free variable which would be bound, after the substitution, at one of
the substitution places.




(a) For a sentential variable any sentence may be substituted.

(b) For an individual variable any individual symbol may be substituted.

(c) For an n-place predicate variable any n-place predicate may be substituted.

(d) For a full sentence S, consisting of an n-place predicate variable with n different
individual variables as arguments, any sentence may be substituted. In S;, S4 is replaced by Ss,
and any other full sentence of the same predicate variable occurring in S; is replaced by the
corresponding sentence constructed out of Ss by individual substitutions (see example below).
An individual variable occurring as a free variable in Ss but not occurring in S4 must not be such
that it will be a bound variable after the substitution at one of the substitution places.

R2. Rule of Implication. S; and S, have the forms °...” and ‘(...) D (---)” respectively, and
S; has the form ---’, where °...” and ‘---’ stand for two sentences of any form. (In other words, S,
is an implication sentence with S; and S; as members.)

R3. Rules of the Operators.

(a) S; has the form ‘(...) o (---)” where ‘x’ does not occur in ‘..." as a free variable. S; has
the form ‘(...) > (xX)(---).

(b) Sy has the form ‘(...) D (---)’ where ‘x’ does not occur in ‘---’ as a free variable. S;
has the form (3Ix)(...) D(---)".

In (a) and (b) “...” and ‘---’ stand for sentences of any form; instead of ‘x’ any other
individual variable may be taken.

Examples :
Rule One or Two Premisses Directly Derivable from the Premisses
qVv ~q
Rla. pV~p { A v ~A
R(a,b) v ~R(a,b)
P(z) v (3y)R(zy)
RIb. Pe) v (3YIR(.Y) { P(b) v (3Y)R(b,y)



Rlc. F(a) > F(b) g((;‘)) > gg
.P(x) v R(x,b)..P(y) v R(y,b)..
R1d. .F(x)..F(y)..F(a)..F(c).. P(a) v R(ab).. P(¢) v R(c.b).
(explanation of this below.)

R? A;A oB B

' P(a); P(a) > (3y)R(ay) (3Y)R(a,y)
R3a. P(a) o R(a,x) P(a) o (x)R(a,x)
R3b. R(b,y) 5 Q(b) (Fy)R(b,y) ©Q(b)

Explanation for the example for R1d. The premiss is meant as some sentence containing
the four full sentences of ‘F’ given here; the dots indicate the rest of the sentence which is
irrelevant to the substitution. Suppose we are to carry out the substitution of ‘P(x) v R(x,b)’ for
‘F(x)’. ‘F(x)’ is replaced by ‘P(x) v R(x,b)’; ‘F(y)’ is not replaced by the same sentence, but by
that sentence which we construct out of it by substituting ‘y’ for ‘x’, i.e., the sentence ‘P(y) v
R(y,b)’; analogously, ‘F(a)’ is replaced by ‘P(a) v R(a,b)’, and ‘F(c)’ by ‘P(c) v R(c,b)’. Thus
the result given above is attained.

5. Definitions. (Carnap-Sy. #8,29.)

A definition is an additional transformative rule which serves for the introduction of a
new symbol.

Examples of definitions (the new symbol defined is in (1) to (5) the first symbol of the
definiendum., In (6) ‘=").

# Definiendum Definiens Kinds of Definitions

4 N
1. 5 =  4+1 Explicit def.

(in narrow sense)

2. A = R(a,b) > def. sentence
3. Qu(%) = P(x) v R(x,) )
4. Q(x) = POVERED | e
5. ‘Qi(x)’ for ‘P(x) v R(x,c)’ } dof | ute
6. P=q for ‘(p>q.(@>p) —~

(Sometimes all definitions of these kinds are called explicit -- in the wider sense --
in contradistinction to recursive definitions.)
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If a definition-rule of the form “ *...” for ‘---* *“ is given, it means the following:
Whenever a sentence S; is constructed out of a sentence S; by replacing the expression ‘..." (not
necessarily at all places where it occurs) by the expression ‘---’, then S; is directly derivable
from S; and S; from S,. If free variables occur, then the mutual replacement is permitted for any
two expressions constructed out of the definiendum and the definiens by the same substitutions.

In the case of definition-sentences of the forms ... =---" or ‘... = ---" analogous mutual
replacements can be carried out (by Th. 90 and 91, #8).

Any definition-rule or definition-sentence must fulfill the following conditions: 1. If the
definiendum contains free variables, they must be different from one another. 2. The definiens
must not contain any free variable not occurring in the definiendum.

Let us take the following as primitive symbols (i.e., undefined symbols) of our language:

(1) logical symbols: ‘~’, “v’, ‘3, comma, brackets, all variables.

(2) descriptive symbols: some individual constants and predicate constants (as many as

are necessary for the formulation of the theory in question.)

For every defined symbol there must be a chain of definitions ending with the definition
of this symbol.This chain must be such that every symbol occurring in a definiens is either one
of the primitive symbols or defined by a preceding definition. A defined symbol is called logical
if no primitive descriptive symbol occurs in its chain of definitions; otherwise it is called de-
scriptive. A symbol is called indefinite if it is defined by a chain of definitions containing at least
one operator; otherwise it is called definite.




Definitions (rules) of some logical symbols.

Def. 1. ‘p . q’ for ‘~(~p v ~q)’
Def. 2. ‘poq’ for ‘~p v q°

Def. 3. ‘p=q’ for “(p ©q).(q Op)’
Def. 4. ‘p | q’ for ‘~(p.q)’

(In the PS and in R2 (#4), the defined symbol ¢ >’ has been used for the sake of brevity.
It can easily be eliminated in accordance with Def. 2.)

Instead of ‘~’, v, and ‘3’, we could take ‘| * as primitive. In this case we would lay
down the following definitions:

Def. A.‘~p’ for ‘p | p’
Def. B.p v q’ for ‘~p | ~q’

Def. C.‘(Ix)F(x)’ for ‘~ (x)~F(x)’, (where am other individual variable may be put at the
place of ‘x’).
(For examples of logical definition sentences see #10.)
For examples of definitions of descriptive symbols, where ‘a’, b’, ‘c’, ‘P’, and ‘R’ are
taken as primitive, see preceding examples # 2,3,4,5. ‘Q,’ is indefinite, the other defined symbols
are definite.

6. Proof and Derivation.

(Hilbert Kap. L#11, Kap. III, #6; Carnap-Sy.#10.)

The primitive sentences and rules of inference are used for two purposes, namely for
proofs and for derivations. A proof shows that a certain sentence is logically true; such a
sentence is called demonstrable. A derivation shows that a certain sentence follows logically
from other sentences called the premisses; such a sentence is called derivable from the
premisses. Neither the premisses nor the sentences derived from them need be logically true;
they may refer to empirical facts. By a proof the sentence proved is asserted as true and, more-
over, logically true. By a derivation the sentence derived from the premisses is not asserted, but
it is merely stated that if the premisses hold the derived



sentence must hold too. The definitions of the two procedures explained are as follows:

A proof is a (finite) series of sentences each of which is either a primitive sentence or a
definition sentence or directly derivable from one or two sentences which precede it in the series
in accordance with a rule of inference or a definition rule. A sentence is called demonstrable if it
is the last sentence in a proof.

A derivation with specified premisses is a (finite) series of sentences each of which is
either one of the premisses or a primitive sentence or a definition sentence or directly derivable
from one or two sentences which precede it in the series in accordance with a rule of inference or
a definition rule. A sentence is called derivable from certain sentences if it is the last sentence in
a derivation with those sentences as premisses. -- Thus a proof is a special case of a derivation
whose class of premisses is null.

Example of a proof.

(In the explanation, ‘.../---” means that ‘---’ is substituted for ‘...” in accordance with R1.)
Explgnation of the The Proof Sent. #
Single Steps (as a series of sentences)
PS1 pVpOp !
PS4 P29 D(vp>drvg 2
@) ppvp Pvp>o29 > @V (pVvp orva 3
() a/p Pvpop) D@V (pVvp Drvp) 4
(4) r/~p Pvpop)>EpVv (VP DPVD 5
(D () R2 v {PVvPOIPVD 6
(6) Def. 2 (po>pvVvp) D~ VD 7
PS2 popVvq 8




(8) a/p poOpVDp 9
9 (7 R2 ~p VP 10
Thus ‘~p v p’ is demonstrable.
Example of a derivation.
Explanation Derivation Sent. #
| { () (P(x) > Q) 1
2 premisses
P(a) 2
PS5 x)F(x) o F(y) 3
(3) R1d, F(x)/P(x) 2 Q(x) (x) (P(x) 2Q(x)) =2 (P(y) 2Q(y)) 4
(1(4) R2 P(y) 2 Q(y) 5
() y/a P(a) 5 Q(a) 6
(2)(6) R2 Q(a) 7

Thus from ‘(x) (P(x) 2 Q(x))’ and ‘P(a)’, ‘Q(a)’ is derivable.

7. Theorems about Demonstrability and Derivability.

Th. 1. If‘(...) o (---)’ is demonstrable, ‘---’ is derivable from °...".

—

h.2. If °(...) = (---)’ is demonstrable, ‘...” and ‘---’ are derivable from one another.

The following table contains a series of theorems. Part (a) of each states that a certain
sentence is demonstrable. Part (b) states the corresponding relationship of derivability according

to Th. 1 or 2. (The sentences given in (b) are merely examples: instead of the constants

occurring in them any other constants of the same kind may be taken; instead of the sentential
constants any other closed sentences; instead of ‘P(x)’ any other sentence containing the free

variable ‘x’.)



1. Sentential Calculus. (PM *2-5; Hilbert Kap. [#2)

(a) (b)
Theorem Demonstrable Sentences Dj;lrlfvilljlﬁe Sff(?gl:}(i: ilss ¢
3 pVv~p
4 pDp A A
5 p.-q>p A.B A
6 p.-q>q A.B B
7 pDOpVv q A Av B
8 q>opVvq B Av B
9 q>o>(( 29 B A>B
10 ~p 2(p 2q) ~A A>B
11 P=q9 >(p 29 A=B A>B
12 (p=q) o(qop) A=B BoA
13 p.~p DOq A.~A any sentence
(a) (b)
Theorem Demonstrable Sentences The Last Sentence Is Derivable from the
e 1st Two
20 p.-(p 29 2q A ADB B
21 p.(p2q oq A A=B B
22 p>2q.(g>or)> (pDr) A>B BoC A>oC




23 (P=9) .(q=r > (p=1 A=B B=C A=C
24 p.~p ©q (like Th. 13) A ~A any sentence
(a) (b)
Theorem Demonsiable Sentences Derivable from esch ather
30 pP=p A A
31 ~~p=Dp ~~A A
32 pvq=qVvp AV B Bv A
33 pP-q9q=q.p A.B B.A
34 pv(@vrn=(pvqgvr Av (Bv C) (Av B) v C
35 p.(q.1)=(.q) .1 A.(B.O (A.B).C
36 pv(@.n=(pvqg.(pVvr Av (B.O (AvB).(Av (O
37 p.Qvn=(p.q Vv (.1 A.(Bv O (A.B)v(A.O
38 ~pVv qQ=~p.~q ~(A v B) ~A . ~B
39 ~p.qQ)=~p Vv ~q ~(A . B) ~A v ~B
40 ~p>q=p.-~q ~(A o B) A.~B
41 “P=a)=(p.~q) v (-p.q) ~A=B)  [(A.~B)v (-A.B)
42 (P ©Q) = (~q >~p) ASB ~Bo~A
43 [p> (@ >0]=(p.q >1) A> (B5C) A.B>C
44 (P=9)=(q=p) A=B B=A
45 (P=9)= (~-p=~9) A=B ~A =~B




2.(Lower) Functional Calculus. (PM *9-11; Hilbert Kap III, #6)

(a) (b)
Theorem Demonstrable Sentences The 2nd Sentence is Derivable from the 1st
50 (xX)F(x) o F(Y) X)P(x) P(a)
51 | e P(x) P(a)
52 F(y) o (Ix)F(x) P(a) (Ix)P(x)
53 (IX(HE,y) o (¥)(Ix)H(x,y) (IX)(YREXY) ((IX)R(x,y)
The Last Sentence is Derivable
from the First Two
60 (x)(F(x) © G(x)) . XF(x) o (x)Gx)] (x)(P(x) 2 Q(x)) (X)P(x) (x)Q(x)
61 00 20060 T e sy @Eopeof (390w
(X)(F1(x) D Fa(x))
62 o (x)z(Fz(x) > F3(x)) (CO(P1(x) > Po(x))

2 (x) (Fi(x) 2 F3(x))

(x)(P(x) 2 P3(x))

(x) (P1(x) 2 P3(x)



(a)
Theorem Demonstrable Sentences The Twofrs(f;t%‘;‘fﬁ gtfem
70 | e (x)P(x) P(x)
71 ~(X)F(x) = (Ix)~F(x) ~(X)P(x) (3x)~P(x)
72 ~(3X)F(x) = (x)~F(x) ~(3X)P(x) (X)~P(x)
73 (X)F(x) =~(Ix)~F(x) (x)P(x) ~(3x)~P(x)
74 (IXF(x) = ~x)~F(x) (Ix)P(x) ~(x)~P(x)
75 X)(p v F(x)) o p v X)F(x) (x)(A v P(x)} A v (x)P(x)
76 (x)(y)H(x,y) = (y)(x)H(x,y) X)(Y)R(x,y) {Y)®R(x,y)
7 (Ix)(Iy)HEY) = (Fy)(IX)H(XY) (IEYREyY) | (IY(EXREY)
3. Identity
Identity is reflexive, symmetrical, and transitive
(a) (b)
80 x=x | e e
81 X=y Dy=x a=b b=a
82 X=y.y=z>OXx=2 a=b b=c a=c




8. Theorems about Replacement.

(Hilbert Kap.II1,#7; Carnap-Sy.#13D)

Th. 90. Theorem of Equivalence. The two members of an equivalence may be replaced
by each other in any context.

Explanation. Let ‘... and ‘---’ be any two sentences, closed or open. Let “..(...).." be a
sentence containing ‘...” as part and ‘..(---)..” the corresponding sentence with ‘---" instead of °...".
Then °..(---)..” is derivable from “..(...).."” and ‘(...) = (---)’; and if the equivalence sentence is
demonstrable, °..(...).:" and ‘..(---)..” are derivable from each other. (The derivability stated holds
even in the case where ‘...” contains free variables which are bound in ‘..(...)..", -- see the third
example below.)

(The Theorem of Equivalence holds likewise in any enlarged system, e.g., in the higher
functional calculus to be explained below, provided no intensional connective or predicate
occurs in the system.)

Examples.
Two Premisses Derivable from the Two Premisses
A=B ~A ~B
A=B C.(Av D) C.(Bv D
Pi(x)=Px(x) A D (Ix)(P1(x) v QX)) A D (Ix)(P2x) v Q(x))

Th. 91. Theorem of Identity. The two members of an identity sentence my be replaced by
each other in any context.

Explanation. Let ‘..a..” be a sentence containing ‘a’, and ..b..” the corresponding sentence
containing ‘b’ in place of ‘a’. Then ..b..” is derivable from ‘..a..” and ‘a =b’. The same holds in
any enlarged system where ‘=" is used not only between individual symbols but also between the
expressions of other types, even if they contain free variables, provided sentences analogous to
PS 7 and 8 are demonstrable for those other types.




Example. ‘(Fy)R(b,y)’_is derivable from ‘(Fy)R(a,y)’ and ‘a=Db’.
Theorems 90 and 91 make it possible to formulate definition sentences by means of ‘=’
and ‘=’ (see #5).

9. Higher Functional Calculus.

(Hilbert Kap.IV #1; Carnap-Abr.#9,13; Carnap-Sy.#27.)

The H.F.C. is characterized by the admission of predicates of higher levels, i.e., those
whose arguments may themselves be predicates. Every predicate -- constant or variable -- is
assigned to a certain level and within this level to a certain type; for a predicate variable, only
predicates of the same type may be substituted. A predicate variable of any type may occur also
in a universal or existential operator. The formative and transformative rules stated above for the
lower functional calculus (#3,4) would then need to be supplemented accordingly.

Classification of Levels and Types.

The level and the type of a predicate is determined by the level and type of its arguments
in the following way:

1. Every individual symbol belongs to the zero-level and the type 0.

2. A series of n arguments which have the types ti, ts, ... and t, respectively, has the
type ti, ta, ..., t,. Its level number is the highest of the level numbers of the arguments.

3. A symbol which is the predicate of a series of arguments of the type t; and the

level m, belongs to the type (t;) and to the level m + 1.



Example.

The Argument Expression Is of Therefore the Predicate Is of
Expression (See #1) Type Level Type Level

P(a) 0 0 (0) 1
R(a,b) 0,0 0 (0,0) 1
T(a,b,c) 0,0,0 0 (0,0,0) 1
*P(P) (0) 1 ((0)) 2
“R(P,P) (0),(0) 1 ((0),(0)) 2
’S(a,P) 0,(0) 1 (0,(0)) 2
*T(R,a,P) ((0),(0)),0,(0) 2 (((0),(0)),0,(0)) 3

10. Functors. (Carnap-Sy. #3, 27)

A functor, like a predicate, has arguments; but unlike a predicate, its full expression
(consisting of the n-place functor and n arguments) is not a sentence, but an individual
expression, a predicate expression, or a functor expression.

If the series of arguments of a certain functor belongs to the type t; and the level m;, and
the full expression belongs to the type t, and the level m,, then we assign the functor itself to the
type (t; : t2) and its level number is m + 1, where m is the higher of the numbers m; and ms.

Examples of Functors.

Full Expression

of the Functor Explanation

the first domain of R, i.e., the class (or property) of the 1st-place members

mem(R) of R, i.e., of those objects which bear the relation R to something.
the second (or converse) domain of R, i.e., the class of the 2nd-place
mem;y(R) members of R, i.e., of those objects to which something bears the

relation R.

mem(R) the field of R, i.e., the class of the members of R.




init(R) the class of the initial members of R, i.e., of those which are first-place
but not 2nd-place members of R.

sm(P) the class-sum of *P, i.e., the class of those objects which belong to at least
one element-class of *P.

the class-product of *P, i.c., the class of those objects which belong to

2
pr(‘P) every element-class of *P.

Example: ‘mem(R)(b)’ means: “b has the property mem(R), i.e., is a member of the
relation R.”

functor argument of

\ the functor
mem (R)(b)
N ) \_Y_/
Y argument of the
full expression predicate expression
of the functor;

it is a predicate
expression

Definitions of the functors explained above:

Def. 10. mem;(H)(x) = (Fy)H(x,y)

Def. 11. mem;,(H)(x) = (Fy)H(y,x)

Def. 12. mem(H)(x) = mem(H)(x) v mem,(H)(x)
Def. 13. it(H)(x) = memy(H)(x) . ~mem,(H)(x)
Def. 14. sm(*F)(x) = (IG)[’F(G) . GX)[

Def. 15. pr(’F)(x) = (G)[*F(G) > G(x)]

Determination of type and level for ‘mem’. (It is the same for the functors ‘mem;’,
‘memy’, and ‘init’.)

Expression Kind of Expression Type Level
mem(R)(b) sentence --- -
b individual 0 0
mem(R) predicate expression (0) 1
R predicate (0,0) 1
mem functor ((0,0) : (0)) 2




NOTES FOR SYMBOLIC IDGIC. SECOND PART

by
Rudolf Carnap

11. PREDICATE EXPRESSIONS: IDENTITY

We use the sentential connectives not only for sentences but also for connecting
predicates to compound predicate expressions. If such an expression is followed by arguments it
is included in brackets.

Def. 20. (~F) (x) = ~(F (x))

Def. 21. FvQEoEx = Fx) v G(x)
Def. 22. (F.GQ) (x) = Fx).G )
Def. 23. Fo0)x = (F(x) oG (x))
Def. 24. F=G)(x) = (F (x)=G (%))

Conventions for Avoiding Brackets (analogous to those on p. 4):

‘~’ binds more strongly than |’ (#13, Def. 55); this binds more strongly than ‘v’ and “.’;
and these bind more strongly than ‘>’ and ‘=’. Instead of ‘(R | S) | T’, which is equivalent to
‘R| (S| T) (see #14, Theorem 131), we may write ,R | S| T".

A predicate expression (or a predicate) in curved brackets is used as an abbreviation for
the (closed) universal sentence of that predicate expression. If such a predicate expression
included in curved brackets is a separate sentence (i.e., not a part of another sentence) the curved
brackets may be omitted. (Whenever such a sentence is inserted into another sentence, e.g., by
substitution, the curved brackets must of course be restored.) As an abbreviation for ‘(3 x)[( ...)
(x)]’, where any predicate expression stands at the place of ...”, we write ‘(3 {...} . Instead of
‘({...}) we may write ‘{...} .




Examples abbreviation for
L {P}
(X)P(%)
2. P
3. {~P}
(x)~P(x)
4. ~P
5. ~{P} ~(x)P(x)
6. {P oQ}
(X)(P(x) 2 Q(x))
7. P>oQ
_ (X[(P1.P2=Q1 v Q)(x)]
8. PLP=QvQ { COLPL () P2 ()= Qu(x) v Q2 ()]
_ X[(P1. P2 ()] =X) [(Q1 v Qo) ()]
9. {P1.P2j ={Q1 v Qz} { (X)(pll(x)z_ P, (x) = (X)(Ql1 (X)\z/ Qx(x))
10. R oS x) () R(x,y) 2S(x,y))
1. P 5 °Q (F) P (F) =°Q (F))
12. 3 {P} (3x) P (x)
13. ~3 {P} = {~P} ~(3x) P (x) = (x)~P(x)
14. 3{R.S} (I)(Fy) R (xy) - S (x,y))
15. 3 {*P} (3F) P (F)

Explanation in class-terminology. 1. Predicate-expressions: The class P is the
complement of the class P; P v Q is the sum, P . Q the product of the classes P and Q.
2. Sentences: ‘{P > Q}’ says that the class P is contained in Q (or: P is a sub-class of Q);
“{P=Q}" says that the class P is the same as the class Q.

Instead of introducing identity among individuals by primitive sentences (PS 7 and 8,
Part I, p. 5) we may introduce it by a definition (this is possible only in the higher functional
calculus):

Def.26. x=y)=(F)(Fx) o F(y)) (comp.PM., vol. I. #13)



The same sentences as before are then demonstrable, e.g., PS 7 and 8 (p. 5), and Theorems 80,
81, and 82 (p. 15).

In an analogous way, identity among predicates of any type and identity among functors
of any type may be defined:

Def. 27. ("F = "G) = (""'F) [""'E("F) > "'F("G)]
Def. 28 (nf= ng) = (n+lF) [n+1F(nf) S n+1F(ng)]

Here, analogous theorems hold. Also the Theorem of Identity (Th. 91, p. 16) holds for all these
kinds of identity.

12. A -EXPRESSIONS

A A-expression has the form ‘(A x) (...x....)"; ‘(A x)’ is called the A -operator, “...x..." its
operand.

1. A-predicate-expressions.  If the operand “...x...” is a sentence the A-expression is a
predicate expression which moans “the property of x such that ...x...” (or: “the class of all x such
that ...x....”). Hence a full sentence ‘[(A x) (...X...)] (a)’ means the same as ‘...a...". Analogously,
‘(A x,y)’ is used for constructing a two-place predicate expression, ‘(A F)’ for a second level
predicate expression, etc. In accordance with this explanation the system of primitive sentences
(#3) would have to be supplemented by
TOX 1, X2,...X0)(K(X1, X2,... Xn))](uy, Ug,...uy) = K(uy, uz,...u5)’,
where n may be any of the numbers 1, 2, etc.(‘A X)P(x)’ corresponds to ‘ X (¢x)’ in PM, Vol. I,
#20).

In using A -expressions, careful attention has to be paid to the brackets. We will apply
rule 4 (p.4) also in the case of a A -operator, but not rule 5. That means, the brackets including a
whole A -expression may be omitted; instead of ‘[(A x) (P(x))] (a)” one may write ‘(A x) (P(x))
(a)’. But the brackets including a A -operand, e.g. ‘P (x)’ it the given example,




must not be omitted. Consequently, an expression of the form ‘(A x)(..x..) (a)’ is to be interpreted
as ‘[(Ax) (..x..)] (a) tand not as ‘(A x) [(..x..) (a)]

Examples Formulation in other symbols or in words
1. (A 0PEX) P

2 0PE) @ P@)

3 (o) REGY) R

4 xYIREY) @b) R(a,b)

5. 00(PE) v QX)) PvQ

6. (AP v (FYREY)) (@) P@) v (3y)RG@Y)

7. S0PE) v (FYREY)) by B R X (see 1) suchthat

2. A -functor-expressions. If the operand ‘...x..." is not a sentence, the A -expression is a
functor-expression. In this case, as before, the full expression ‘(A x)( ...x...) (a)’ is to mean the
same as ‘...a....". But in this case, ‘...a...", and hence also the full expression, is not a sentence; it
may be an individual expression, a predicate-expression, or again a functor-expression (see #10,
p. 18).

Example. The predicate expression ‘(A x) (Fy)R(X,Y) t has the same meaning as ‘memy
(R)’ (see Part I, p. 19). The functor expression ‘(A H) (A x) (Fy) H(x, y)’ has the same meaning
as the functor ‘memy’.

Distinction between ‘(A x,y)” and ‘(A x)(Ay)’. ‘(A x,y) ( ..x..y..)’" is a two-place predicate
expression; ‘(A x,y)(..x..y..) (a,b)’ mean the same as ‘..a..b..”. ‘(Ax)(Ay) (..x..y..)’ is (according to
rule 4, not 5) an abbreviation for ‘(Ax) [(Ay)(..x..y..)]” and hence is a one-place functor
expression; ‘(A x) (Ay) (..x..y..) (a)’ is a one-place predicate expression with the same meaning
as ‘(Ay) (..a..y.. ). Hence




‘(Ax) (A y)(..x..y..)(a) (b)’, which is short for ‘[[(Ax) [(A y) (..x..y..)]](a)] (b)’, is a sentence
having the same meaning as ‘..a..b..”, and hence the same as the sentence in the first example.

The use of a A -expression as definiens makes it possible to give any definition of a
predicate or a functor the form of an explicit definition in the narrower sense (see p. 7), the
definiendum consisting of the defined symbol only. There are many examples of this in the next
section.

13. THEORY OF RELATIONS

(Carnap, Abr. #15, 16, 19, 21, 23, 27; PM, vol. I)

In what follows we define some of the frequently used concepts of the theory of relations,
and a few of the theory of classes, including some special relations and functors, properties of
relations, relations between relations, etc. From a definition schema containing ‘n’ one gets a
series of definitions by putting ‘I’, <2°, ‘3’, etc., one after the other, at the place of ‘n’.

In these definitions, ‘H’, ‘H;’, et c. are taken as predicate variables of degree 2; ‘K’, ‘K,’, etc. as
predicate variables of any degree n. A predicate of degree n designates an n-place attribute; i.e.,
if n =1, a property or class, and if n >1, an n-place relation. For ‘mem,’, etc. see Part I, p. 19. As
predicates, we take groups of one or more letters beginning with a capital; as functors, those
beginning with a small letter.

Definitions.
Number Definiendum Definiens
Def. 30 <X1;X2;----Xn> (AM)[u=%x; VuU=xX; V...V U=Xy]
31 <x1;x2;....xn> (Mg, up,....un))[U=X]. W2 =X3 . .... Uy = Xy]
32 |Va (Ax1, X2,....Xn)(X] = X)) (Comp. PM,
Vol. I, #2425
33 |As (X1, X2, Xa) ~ (X1 = X1) ol. 1,#24,25)




Number

Definiendum

Definiens

34

35

36
40
41

42

43
50
51
55
56
57
60
61
62
63
64

65

66
70
71
72
73
74
75

Her
H=>0
H >0
Sym
As
Trans
Intr
Refl

[rr

(AN)(Ax1, X2, ..xn)(FK)[N(K) . K(x1, X2, ...Xn)]

}(PM, #40, 41)

(AN)(Ax1, X2, ..xn)( K)[N(K) 2 K(x1, X2, ...Xn)]

(AK))(AK){K, o K} (PM, #60,61)
(AX1, X2, .Xp)(X1 = X2 . X2 = X3 . ... . Xp.| = Xp] (PM, #50)
15}
(AX1, X2, . Xp)[~(X]1 = X2) . ~(X] = X3) . ... . ~(X] = Xp)
~MX2=X3) . ~(X2=Xg) L e ~(X2 = Xp)
oo ~(Xn2 = Xne1) - ~(Xn2 = Xn)] (forn>1)
>
(Ax)(H(x,y)) (PM, #32, ‘R ‘y’)
(Ax)(H(x,y)) (PM, #32, ‘R ‘x’)
(x,y)(3w)[Hi(x,u) . Ha(u,y)] (PM, #34)
(AX1, X2, ..Xn)[ K(X1, X2, ...Xn) - F(X1) . F(x2) ... F(xn)] (PM, #36)
(X)(IYIF(Y) - Hxy)] (PM, #37)
[ in mem(H)
H
H" | H
Oxy)(H'(y,x)  (H":PM,#31,‘R")

(AEH) )WIFX) . Hx,y) 2 F(y)] (PM, #90)

(Ax,y) [mem(H)(x) . (F)(Her(F,H) . F(x) o F(y))] (PM, #90, ‘R+")
H|H>0 (PM, #91, ‘Ry0)

(AH)(H o H™)

(AH)(H > ~H™)

(AH)(H* > H) (PM, 11, #201)
(AH)(H® = ~H)

(AH)(H® = H)

(AH)(H > I) (PM, 11, #200)



Number | Definiendum Definiens
76 Reflex  [(AH)(I o H)
77 Connex |(AH)(J in mem(H) DH v HY) (PM 11, #202)
78 Ser [rr. Trans. Connex (PM 11, #204)
79 Dense  |[(AH)(H> H?) (PM 11, #270, ‘comp’)
80 Un, (AH)H |H'>1)
81 Un, (AH)(H' |H 1) (PM, #71,72,1—Cls’,
‘Cls—1’, ‘1-1")

82 UnUn Un; . Uny

(AH, K, K5) [UnUn(H) . {mem(K;) > mem;(H)} . {mem(K3)
90 Corr,  [Dmemy(H)} . (x1)(yD(x2)(y2)---(Xn)(¥n)

[H(x1,y1) . HX2,y2)... . HXn,yn) 2 (Ki(X1,X2,...Xn) = Kao(y1,y2...,(yn)]1]
91 Is (A Ky, K2)(FH) Corry(H, Ky, Ky) (PM, 1, #73,

" ‘sm’; I, #151, ‘smor’)

92 Stry, (A KD Ko)(Is, (K, Ky)) (PM, 11, #100, ‘Nc’; #152, ‘Nr’)
93 Stry, (A N)(FK) {N = Stry(K)} (PM, 11, #100, ‘NC’; #152, ‘NR”’)
94 Struct,  |[(A N)(Her(N, Is,))

Instead of ‘(<...> )’ we may write ‘<>

b

Explanations. Def. 30. <a1 ;a5 ;...an> is the class whose only members are aj,a;...a,. <a> is

the unit class of a. 31. <a1 ,a, ,...an> is the n-place relation whose only n-ad is aj,a;...a,. 32. V, 1s

the universal. attribute (i.e. class or relation ) of degree n, hence V| the universal class. 33.A, is
the null attribute, A, the null class. 34, 35. If M is a class of classes, sm; (M) is the sum
(disjunction) of the classes which are members of M, and pr; (M) their product (conjunction). If
M is a class of two-place relations sm;, (M) is the sum (disjunction) of the relations belonging to
M, and pra(M) their product (conjunction). 36. suby(P) is the class of the subclasses of P; sub,(R)
is the class of the sub-relations of R. 40-43. 1is



identity, J diversity, (non-identity) for two arguments, I3 and J; for three arguments, etc. 50, 51.
R(-,b) is the class of those objects which have the relation R to b, called the referents of b; R(a,-)
is the class of those objects to which a has the relation R, called the rolata of a. 55. R | S is called
the relative product of R and S; it holds between a and c if there is an intermediate member b
such that R(a,b) and S(b,c). 56. T in P is the sub-relation of T which we get by restricting the
field to the class P. 57. R “ P is the class of those objects which have the relation R to some
member of P. 60-62. The powers of a relation: R” is identity among members of R; R' is R
itself; R? is R | R; R? is R? | R, etc. 63. R is called the converse of R; it holds for the same pairs
of members as R, but in the inverse order. R?is the converse of R?, etc. 64. ‘Her(P,R)’ means
that the property P is hereditary with respect to R, i.e., that it is transferred from any member a to
any other member b to which a has the relation R. 65,66. Ancestral relations of first and second
kind. ‘R*%(a,b)’ means that a is a member of R and b has all hereditary properties of a. This is the
case if there is a finite number n > 0 such that R"(a,b). ‘R™°(a,b)I holds if there is a finite number
n > 0 such that R"(a,b). Definitions 70 to 82 define second-level predicates which designate
properties of two-place relations. 70. ‘Sym(R)’ means that R is symmetrical, i.e., if R holds for a
pair of members then it holds for the inverse pair also. (Examples: cousin, similar, parallel). 71.
‘As(R)’: R is asymmetrical, i.e., R does not hold in any pair in both directions. (Examples:
father, <). 72. ‘Trans(R)’: R is transitive, i.e., if R(x,y) and R(y,z) then R(x,z). (Ex.: ancestor,
parallel, <). 73. ‘Intr(R)’: R is intransitive, i.e. if R(x,y) and R(y,z) then not R(x,z). (Ex.: father).
74. ‘Refl(R)’: R is reflexive, i.e. if x is a member of R then R(x,x). (Ex.: equal in weight, similar,
<). 75. ‘Irr(R)’: R is irreflexive, i.e., if x is a member of R then not R(x,x). (Ex.: father, brother,
<). 76. ‘Reflex(R) ; R is totally reflexive, i.e., for every x, R(x,x).




(Ex.: equal in weight, similar). 77. ‘Connex(R)’: R is connected, i.e., R holds in any pair of two
different members of R in at least one of the two directions. (Ex.: <, <). 78. ‘Ser(R)’: R is a
series, i.e., R is irreflexive, transitive, and connected. (Ex.: <). 79. ‘Dense(R)’: R is dense, i.e.,
for any x and y such that R(x,y) there is an intermediate member u such that R(x,u) and R(u,y).
(Ex.: <among fractions). 80. ‘Uny(R)’: R is a one-many relation, or: R is univocal with respect to
the first argument, i.e., no two different members have the relation R to any member. (Ex.;
father, square). 81. ‘Uny(P)’: R is a many-one relation, or: R is univocal with respect to the
second argument, i.e., no member has the relation R to more than one member. (Ex.: square
root). 82. ‘UnUn(R)’:R is a one-one relation, or: R is univocal in both directions, i.e., R is both
one-many and many-one. (EX.: successor among natural numbers.)

90. ‘Corry(R, T}, T2)’: R is a correlator for the n-place relations T; and T», i.e., R is one-
one, the members of T; are first-place members of R, the members of T, are second-place
members of R, an n-ad of T is correlated by R with an n-ad of T, and vice versa. 91. ‘Is,(T,T2):
T, is isomorphic with T, i.e., there is a correlator for T; and T,. ‘Isi(P;,P;)’: the classes
P, and P, are isomorphic (i.e. equal in number). 92. str,,(T) is the (n-place) structure of the (n-
place) relation T, i.e., the class of those relations which are isomorphic with T. str;(P) is the
cardinal number of the class P. 93. ‘Str,(M)’ means that the (second-level) class M is an n-place
structure, i.e., the n-place structure of some n-place relation. ‘Stri(M)’: M is a oneplace structure,
i.e., a cardinal number. 94. ‘Struct,(M)’: the (second-level) property M is a structural property of
n-place relations, i.e., if T is M, then any relation isomorphic with T is also M. ‘Struct; M)’: M is
a structural property of classes, i.e., a property of classes dependent only upon their cardinal
number.




14. THEOREMS IN THE THEORY OF RELATIONS

On each line, the sentences in columns (a) and (b) are derivable from one another; if no
sentence is written in (b), the sentence in (a) is demonstrable.

Th;oor.em () (b)
100 |(a)(®) b=a
101 |(a;a,) (b) b=a v b=a
102 |(a,,a,) (biby) b=a.b,=a
103 vi(X)
104 P =V, {P}
105 >V,
106 V) (X,y)
107 A
108 P=A ~3 {P}
109 A1 DF

110 ~A 2(X,y)
111 An = NVn

112 [sm(’P) (a) (3F) CP(F) . F ()

113 prCP) (a) (F) CP) (F) > F(a))

114 sub;(P) (Q) QoP

115 |suby(R) (S) S SR

120 [(a,b) a=Db

121 15(a,b,c) a=b.b=c

122 J(a,b) ~(a=Db)

123 J3(a,b,c) ~(a=b).~(a=c).~(b=c)
130 |R[S)(ab) (3y) (R(a,y) . S(y,b))

131 (Hlle)‘H3EH1‘(H2|H3)




Theorem

No. (a) (b)
132 (R in P) (a,b) R(a,b) . P(a) . P(b)
133 (R“P) (a) (IVP(y) - R (ay))
140 R’(a,b) a=b.mem(R) (a)
141 R'(a,b) R(a,b)
142 R(ab) (3y) (Ray) . R(y.b))
143 R'(a,b) R(b,a)
144 R (a,b) R(a,b)
150 Her(P,R) (x)(y) [P(x) . R(x,y) D P(y)]
151 R™(a,b) mem(R) (a) . (F) [Her(F,R) . F(x) o F(y)]
152 H’ > H
153 H o> HY
154 H’ o H?  etc.
155 R7(ab) (3y) [R(ay) . R (y,b)]
156 HoH™?
157 H’>H™
158 H'>H™
etc.
159 H'>HY
160 R (a,b) R(a,b) v R%a,b)
170 Sym(R) R SR’
171 Sym(R) (x) (y) (R(x,y) D R(y,x))
172 As(R) R>~R"'
173 As(R) (x) (y) (R(x,y) >~R(y.x))
174 Trans (R) R’ SR
175 Intr(R) R> >~R
176 Refl (R) R’SR
177 Refl(R) mem(R) (x) DR (x,x)




Theorem (a) (b)
178 [rr(R) R oJ
179 [rr(R) (x)~R(x,x)
180 Trans.Sym o Refl
181 As D Irr
182 Trans o (As = Irr)
183 Reflex(R) I oR
184 Reflex(R) (X)R(x,x)
185 Reflex(R) Refl(R) . {mem(R)}
186 Connex(R) mem(R)(x) . mem(R)(y) . ~(x =y) D R(x,y)Vv R(y,x)
187 Ser(R) (Irr . Trans . Connex)(R)
188 Ser(R) (As . Trans . Connex)(R)
189 Dense(R) R oR’
190 Dense (R) R(x,z) o (Fy)R(EX,y) . R(y,2))
191 Un(R) R|R! o1
192 Unj(R) R(x,z) . R(y,z) ox =y
193 Uny(R) R'|R o1
194 Un,(p) R(x)y).R(x,2) Dy=z
195 [Uny(R) Un(R™)
196 [UnUn(R) Uni(R) . Uny(R)
197 UnUn(R) UnUn(R™)
210 Corr(R,P,P») UnUn(R) . {P; DR“P,} . {P, DR “P;}
211 Corra(R,S1,S,) UnUn(R) . {mem(S;) > memy(R)} . {S;=R|S,|R"}
212 [s1(P1,P2) (3H) Corry(H,P,,P,)
213 [52(S1,S2) (3 H) Corra(H,S,,S,)
214 stra(T1)(T2) Isn(T2,Ty)
215 Str, (*P) (IK){*P = stry(K)}
216 Struct,(*P) Her(*P,Is,)
217 Struct,(*p) (K)(K)[*P(Ky) . Isy(K},Kz) ©2P(Ky)]



15. CARDINAL NUMBERS

(PM, vol. II, Part III; Carnap-Abr. #19, 21,26)

The cardinal numbers are the (one-place) structures of classes. We will here define some
finite cardinal numbers (0,1,2,etc.), the class of progressions (Prog), and the smallest transfinite
cardinal number, A (aleph-zero); this is the cardinal number of any progression. If Ay (P), P is
called a denumerable class.

‘3m(P)’ is to mean: “there are at least 3 P-objects”; ‘3(P)’: “P has the cardinal number 3”;
1.e., “there are 3 P-objects”. For ‘mem’ and ‘init’ see Part I, p. 19.

Definitions.
Number definiendum definiens
100 Im (AF) (3 {F})
101 2m (AF) (3 {J2 inF})
102 Bm (AF) (3 {J3 inF})
etc.
105 o ~lm
106 1 ln . ~2m (Comp. PM, vol. I1, #101)
107 2 2m . ~3m
108 3 Bm . ~4m
etc.
110 |Prog (AH) [UnUn(H) . 1(init(H)) . O(init(H™)) . Connex(H®)] (PM #122)
111 o (AF) (3H)[Prog(H) . {F =mem(H)}] (PM #123)
120 N} +N, (AF) (3G)(3G) [{F=G1 v Gy} . ~F{G1. G2} . Ni(G)) . No(Go)]



Number | definiendum definiens

121 Pred (AN1,N2){N;+1 = N,}
122 [Fin (AN) (Pred > °(0,N))

Explanations to Def. 120-122. A class F has the cardinal number N; + N, the
(arithmetical) sum of N; and N, if F can be divided into two mutually exclusive subclasses G
and G, which have the cardinal numbers N; and N, respectively. N; is the predecessor of N, if
N, is Ni+1. N is a finite cardinal number if 0 has the relation Pred > %to N.

Theorems. The sentences (a) and (b) are derivable from one another; where no sentence
(b) is given, sentence (a) is demonstrable.

Theorem

No. (@) ®)
230 |o(P) ~3 (P}
231 |0 =str(A)
232 |op) P=A
233 |1(P) (AP =x=Yy)
234 |i1(p) (3P =(x)}
_ (F(FY)(P) . P(y) . ~x=y)) . ~(Ix)(Fy)(T2)

235 [1=Stn (x) (P(x) . P(y) . @) . ~(x=y) . ~(x =2) . ~(y = 7))
236 (P) (I0ENIEY) - {P=(x,y)})
237 P(P) stri (a,b) =2
238 Pab)
244 [Stri(0)
245 IStry(1)
246 Stri(2)

ctc.
250  [Prog(H) > A% (mem(H))




Principle of Infinity. Several formulations: 1. “There is an infinite number, i.e., at least a
denumerable class, of individuals™: ‘3 {k}‘o} >, 2. “For any finite cardinal number there is a class
(of individuals) having that cardinal number”: “Fin(N) > 3 {N}. 3. “There is a progression of
individuals”: 3 { Prog}’. (Comp. PM, vol. II, #125). The following sentences are derivable from
the Principle of Infinity and hence demonstrable if some formulation of this principle is taken as
a primitive sentence : ‘Stry(Prog)’, ‘Strl(k}‘o)’ 1.e., Prog is a structure of relations,) Ao is a cardinal
number.

16. DESCRIPTIONS

(PM, vol. I, #14, 30; Carnap-Abr. #7b, 14a; Carnap-Sy. #38c¢)

An expression of the form ‘(1x) (...x...) ¢ is to mean, “the object x such that ...x...”. ‘(«x)’

is called a -operator (iota-operator), ‘...x..." its operand; the expression ‘(1x) (...x,..)" is called a
description; ‘x’ is bound within the description. Descriptions are used chiefly as arguments for
predicates. According to rule 4, p. 4, we may omit the brackets including a description. Example:
‘Q(xx) (..x..)’. This sentence is to mean: “the object x such that ..x.., is Q,” or more exactly:
“there is exactly one x such that ..x.., and this x (or, in other words: every x such that ..x..) is Q.”
(Example: “the brother of b is ill”: ‘IlI(xx)Br(x,b)’). In accordance with this explanation the
following may be stated as a primitive sentence for the introduction of the 1-operator: ‘G(1x)
(Fx))=1(F). {F oG}".

‘R’ b’ is used as an abbreviation for the description ‘(1xx)R(x,b)’. Hence it means “the
object which has the relation R to b”. (Example: ‘Br 'b’, “the brother of b™).

It is to be noticed that the rule of substitution does not permit the substitution of a
description of either kind (‘(1x)(P(x))’ or ‘R’ b’) for a variable.



Theorems. The sentences in each of the following pairs are derivable from one another.

Th;oor.em (a) (b)
260 |Q(x) (P(x)) 1(P). {P Q!
261 Q) (P(x)) 0(P) v 2m(P) v I {P.~Q!}
262 |(w) (P(x))=a I(P) . P(a)
263 |(w) (P(x))=a P = (a)
264 () (P(x) = () (Q(x)) 1(P). 1(Q) . {P=Q}
265 |QR'b) 1(R(-b)) . {R(-,b) 2 Q}




ERRATA
First Part.

p. 3, below, and p. 4 above. Cross out the whole content of the column “Kind of Sentences.”
p. 4, 1 ne 1. Instead of “(x) (P (x)) v (R (x,b))” read “(x)((P (x)) v (R (x,b))”.
p. 4, after line 4, add: “A sentence is called atomic if it has one of the forms 1, 2, 3; molecular, if
no operator occurs; general, if an operator occurs.”
p. 4, rule 4. Instead of “operator with operand “ read “operator (of any kind) with operand.”
p. 4, rule 5. Instead of “operand” read “operand (except with a A- operator).”
p. 4, below, Example 2a, last column,
instead of: “Av B |read: “~Av B

A.B ~A . B
A oB ~A OB
A=B” ~A=B”

p. 5, line 8 from below, instead of “premiss” read “premisses”.
p. 6, below. Cross out “instead of ‘x’ any other individual variable may be taken” and add the
following:
“R4. Rule of Bound Variables. S is constructed out of S; by replacing an individual variable in
an operator and at all places where it occurs as a variable which is free within the operand
belonging to the operator, by another individual variable which does not occur in the original
operand.”
p. 7, after R3b, add the following:

R4 | (WP | W) P (v)”
p. 18, line 2 of #10, instead of “then-n-place read “the n-place.”

Second Part.

p. 32, Def.110. Instead of “Prog.” read “Prog”.

p. 35, line 1. Instead of “sentence” read “sentences”.

The spaces left between a predicate and its arguments or between an operator and its operand at
many places in the Second Part (esp. on p.20, 21, 34, 35, 36) are of course unnecessary.
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