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1 Introduction

This is the third in a series of papers on algebraic set theory, the aim of which is
to develop a categorical semantics for constructive set theories, including pred-
icative ones, based on the notion of a “predicative category with small maps”."
In the first paper in this series [8] we discussed how these predicative categories
with small maps provide a sound and complete semantics for constructive set
theory. In the second one [10], we explained how realizability extensions of such
predicative categories with small maps can be constructed. The purpose of the
present paper is to do the same for sheaf-theoretic extensions. This program
was summarised in [11], where we announced the results that we will present

and prove here.

For the convenience of the reader, and also to allow a comparison with the
work by other researchers, we outline the main features of our approach. As
said, the central concept in our theory is that of a predicative category with
small maps. It axiomatises the idea of a category whose objects are classes and
whose morphisms are functions between classes, and which is moreover equipped
with a designated class of maps. The maps in the designated class are called
small, and the intuitive idea is that the fibres of these maps are sets (in a certain
axiomatic set theory). Such categories are in many ways like toposes, and to a
large extent the purpose of our series of papers is to develop a topos theory for
these categories. Indeed, like toposes, predicative categories with small maps
turn out to be closed under realizability and sheaves. Moreover, they provide
models of (constructive) set theories, this being in contrast to toposes which are
most naturally seen as models of a typed version of (constructive) higher-order
arithmetic. Furthermore, the notion of a predicative category with small maps
is proof-theoretically rather weak: this allows us to model set theories which
are proof-theoretically weaker than higher-order arithmetic, such as Aczel’s set
theory CZF (see [1]). But at the same time, the notion of a predicative category

I Accessible and well-written introductions to algebraic set theory are [4, 5, 28].



with small maps can also be strengthened, so that it leads to models of set
theories proof-theoretically stronger than higher-order arithmetic, like IZF. The
reason for this is that one can impose additional axioms on the class of small
maps. This added flexibility is an important feature of algebraic set theory.

A central result in algebraic set theory says that the semantics provided by
predicative categories with small maps is complete. More precisely, every pred-
icative category with small maps contains an object (“the initial ZF-algebra” in
the terminology of [21], or “the initial Ps-algebra” in the terminology of [8]?)
which carries the structure of a model of set theory. Which set-theoretic ax-
ioms hold in this model depends on the properties of the class of small maps
and on the logic of the underlying category: in different situations, this initial
ZF-algebra can be a model of CZF, of IZF, or of ordinary ZF. (The axioms
of the constructive set theores CZF and IZF are recalled in Section 2 below.)
The completeness referred to above results from the fact that from the syntax of
CZF (or (I)ZF ), we can build a predicative category with small maps with the
property that in the initial ZF-algebra in this category, precisely those sentences
are valid which are derivable from the axiom of CZF (see [8]). (Completeness
theorems of this kind go back to [27, 5]. One should also mention that one
can obtain a predicative category with small maps from the syntax of Martin-
Lof type theory: Aczel’s interpretation of CZF in Martin-Lof type theory goes
precisely via the initial ZF-algebra in this category. In fact, our proof of the
existence of the initial ZF-algebra in any predicative category with small maps
in [8] was modelled on Aczel’s interpretation, as it was in [25].)

In algebraic set theory we approach the construction of realizability cate-
gories and of categories of sheaves in a topos-theoretic spirit; that is, we regard
these realizability and sheaf constructions as closure properties of predicative
categories with small maps. For realizability this means that starting from any
predicative category with small maps (€,S) one can build a predicative real-
izability category with small maps (Effg,Eff ) over it. Inside both of these
categories, we have models of constructive set theory (CZF say), as shown in
the following picture. Here, the vertical arrows are two instances of the same
construction of the initial ZF-algebra, applied to different predicative categories
with small maps:

(€,5) (Effe:Elfs)

| |

model of CZF —— realizability model of CZF

Traditional treatments of realizability either regard it as a model-theoretic
construction (which would correspond to the lower edge of the diagram), or as
a proof-theoretic interpretation (defining a realizability model of CZF inside

2Appendix A in [21] contains a proof of the fact that both these terms refer to the same
object. In the sequel we will use these terms interchangably.



CZF, as in [26], for instance): the latter would correspond to the left-hand
vertical arrow in the special case where £ is the syntactic category associated to
CZF. So in a way our treatment captures both constructions in a uniform way.

That realizability is indeed a closure of predicative categories with small
maps was the principal result of [§8]. The main result of the present paper is
that the same is true for sheaves, leading to an analogous diagram:

(€,8) —————— (She, Shs)

J |

model of CZF —— sheaf model of CZF

The main technical difficulty in showing that predicative categories with small
maps are closed under sheaves lies in showing that the axioms concerning induc-
tive types (W-types) and an axiom called fullness (needed to model the subset
collection axiom of CZF) are inherited by sheaf models. The proofs of these
facts are quite long and involved, and take up a large part of this paper (the
situation for realizability was very similar).

To summarise, in our approach there is one uniform construction of a model
out of a predicative category with small maps (£,S), which one can apply to
different kinds of such categories, constructed using syntax, using realizability,
using sheaves, or any iteration or combination of these techniques.

We proceed to compare our results with those of other authors. Early work
on categorical semantics of set theory (for example, [13] and [12]) was concerned
with sheaf and realizability toposes defined over Sets. The same applies to the
book which introduced algebraic set theory [21]. In particular, to the best of
our knowledge, before our work a systematic account was lacking of iterations
and combinations of realizability and sheaf interpretations. In addition these
earlier papers were concerned exclusively with impredicative set theories, such
as ZF or IZF: the only exception seems to have been an early paper [18] by
Grayson, treating models of predicative set theory in the context of what would
now be called formal topology.

The first paper extending the methods of algebraic set theory to predicative
systems was [25]. The authors of this paper showed how categorical models of
Martin-Lof type theory (with universes) lead to models of CZF extended with
a choice principle, which they dubbed the Axiom of Multiple Choice (AMC).
They established how such categorical models of type theory are closed under
sheaves, hence leading to sheaf models of a strengthening of CZF. They did
not develop a semantics for CZF per se and relied on a technical notion of a
collection site, which we manage to avoid here (moreover, there was a mistake
in their treatment of W-types of sheaves; we correct this in Section 4.4 below,
see also [9]).

Two accounts of presheaf models in the context of algebraic set theory have
been written by Gambino [15] and Warren [30]. In [15] Gambino shows how



an earlier (unpublished) construction of a model of constructive set theory by
Dana Scott can be regarded as an initial ZF-algebra in a category of presheaves,
and that one can perform the construction in a predicative metatheory as well.
Warren shows in [30] that many of the axioms that we will discuss are inherited
by categories of coalgebras for a Cartesian comonad, a construction which in-
cludes presheaf models as a special case. But note that neither of these authors
discusses the technically complicated axioms concerning W-types and Fullness,
as we will do in Sections 3 and 4 below.

In his PhD thesis [14], Gambino gave a systematic account of Heyting-valued
models for CZF (see also [16]). This work was in the context of formal topology
(essentially, sites whose underlying categories are posets). He has subsequently
worked on generalising this to arbitrary sites and on putting this in the context
of algebraic set theory (see [17], and [6] together with Awodey, Lumsdaine and
Warren). In these papers the authors work with a slightly different notion of a
predicative category with small maps (they assume full exactness, whereas we
work with bounded exactness). Again, we improve on this by proving stability
under the sheaf construction of the axioms for W-types and for fullness.

We conclude this introduction by outlining the organisation of our paper.
In Section 2 we recall the main definitions from [11, 8]. We will introduce the
axioms for a class of small maps needed to obtain models of CZF and I1ZF. We
will discuss the fullness axiom, the axioms concerning W-types and the axiom
of multiple choice in some detail, as these are the most complicated technically
and our main results, which we formulate precisely in Section 2.5, are concerned
with these axioms.

In Section 3 we show that predicative categories with small maps are closed
under presheaves and that all the axioms that we have listed in Section 2 are
inherited by such presheaf models. An important part of our treatment is that
we distinguish between two classes of small maps: the “pointwise” and “locally”
small ones. It turns out that for certain axioms it is easier to show that they
are inherited by pointwise small maps while for other axioms it is easier to show
that they are inherited by locally small maps, and therefore it is an important
result that these classes of maps coincide.

We follow a similar strategy in Section 4, where we discuss sheaves: we again
distinguish between two classes of maps, where for some axioms it is easier to use
one definition, while for other axioms it turns out to be easier to use the other.
To show that these two classes coincide we use the fullness axiom and assume
that the site has a basis.? This section also contains our main technical results:
that sheaf models inherit the fullness axiom, as well as the axioms concerning
W-types.* Strictly speaking our results for presheaves in Section 3 are special

3In [11] we claimed that (instead of fullness) the exponentiation axiom would suffice to
establish this result, but that might not be correct.

40ne subtlety arises when we try to show that an axiom saying that certain inductives
types are small (axiom (WS) to be precise) is inherited by sheaf models: we show this using
the axiom of multiple choice. In fact, we suspect that something of this sort is unavoidable



cases of our results in Section 4. We believe, however, that it is useful to give
direct proofs of the results for presheaves, and in many cases it is helpful to see
how the proof goes in the (easier) presheaf case before embarking on the more
involved proofs in the sheaf case.

Finally, in Section 5 we give explicit descriptions of the sheaf models of
constructive set theory our results lead to. We also point out the connection to
forcing for classical set theories.

This will complete our program for developing an abstract semantics of con-
structive set theory, in particular of Aczel’'s CZF, as outlined [11]. As a result
topos-theoretic insights and categorical methods can be used in the study of
constructive set theories. For instance, one can obtain consistency and indepen-
dence results using sheaf and realizability models or by a combination of these
interpretations. In future work, we will concentrate on derived rules and show
how sheaf-theoretic methods can be used to show that the fan rule as well as
certain continuity rules are admissible in (extensions of) CZF.

The main results of this paper were presented by the second author in a
tutorial on categorical logic at the Logic Colloquium 2006 in Nijmegen. We are
grateful to the organisers of the Logic Colloquium for giving one of the authors
this opportunity. The final draft of this paper was completed during a stay of
the first author at the Mittag-Leffler Institute in Stockholm. We would like to
thank the Institute and the organisers of the program in Mathematical Logic in
Fall 2009 for awarding him a grant which enabled him to complete this paper
in such excellent working conditions. In addition, we would like to acknowledge
the helpful discussions we had with Steve Awodey, Nicola Gambino, Jaap van
Oosten, Erik Palmgren, Thomas Streicher, Michael Warren, and especially Peter
LeFanu Lumsdaine (see Remark 4.12 below).

2 Preliminaries

2.1 Review of Algebraic Set Theory

In this section we recall the main features of our approach to Algebraic Set
Theory from [11, 8].

We will always assume that our ambient category £ is a positive Heyting
category. That means that £ is

(i) Cartesian, i.e., it has finite limits.

(ii) regular, i.e., morphisms factor in a stable fashion as a cover followed by a
monomorphism.®

and one has to go beyond CZF proper to show that its validity is inherited by sheaf models.
5Recall that a map f: B — A is a cover, if the only subobject of A through which it factors,



(iii) positive, i.e., it has finite sums, which are disjoint and stable.
(iv) Heyting, i.e., for any morphism f:Y——X the induced pullback functor
f*:Sub(X)——Sub(Y') has a right adjoint V.

This means that £ is rich enough to interpret first-order intuitionistic logic. Such
a category &€ will be called a category with small maps, if it comes equipped with
a class of maps S satisfying a list of axioms. To formulate these, we use the
notion of a covering square.

Definition 2.1 A diagram in £ of the form

D——C

)

is called a quasi-pullback, when the canonical map D—— B x4 C'is a cover. If
p is also a cover, the diagram will be called a covering square. When f and g
fit into a covering square as shown, we say that f covers g, or that g is covered

by f.

Definition 2.2 A class of maps in £ satisfying the following axioms (A1-9)
will be called a class of small maps:

(A1) (Pullback stability) In any pullback square

D——B

gl lf

where f € §, also g € S.

(A2) (Descent) If in a pullback square as above p is a cover and g € S, then
also f € S.

(A3) (Sums) Whenever X—Y and X'—Y" belong to S, so does X +
X —Y+Y'.

(A4) (Finiteness) The maps 0—1,1—1 and 1 4+ 1—1 belong to S.

(A5) (Composition) S is closed under composition.

is the maximal one; and that f is a regular epimorphism if it is the coequalizer of its kernel
pair. These two classes coincide in regular categories (see [19, Proposition A1.3.4]).



(A6) (Quotients) In a commuting triangle

if f is a cover and h belongs to S, then so does g.

(A7) (Collection) Any two arrows p: Y —— X and f: X—— A where p is a cover
and f belongs to S fit into a covering square

=

h A,

p
—Y —»

where g belongs to S.

(A8) (Heyting) For any morphism f:Y—— X belonging to S, the right adjoint
to pullback
V¢:Sub(Y)— Sub(X)

sends small monos to small monos.

(A9) (Diagonals) All diagonals Ax: X— X x X belong to S.

For further discussion of these axioms we refer to [8].

A pair (£,8) in which S is a class of small maps in £ will be called a category
with small maps. In such categories with small maps, objects A will be called
small, if the unique map from A to the terminal object is small. A subobject
A C X will be called a small subobject if A is a small object. If any of its
representing monomorphisms m: A — X is small, they all are and in this case
the subobject will be called bounded.

Remark 2.3 In the sequel we will often implicitly use that categories with
small maps are stable under slicing. By this we mean that for any category
with small maps (€,S) and object X in &, the pair (£/X,S5/X), with §/X
being defined by

feS/XeXxfes,

is again a category with small maps (here Yy is the forgetful functor £/X —
£ sending an object p:A — X in £/X to A and morphisms to themselves).
Moreover, any of the further axioms for classes of small maps to be introduced
below are stable under slicing, in the sense that their validity in the slice over 1
implies their validity in every slice.



Remark 2.4 A very useful feature of categories of small maps, and one we will
frequently exploit, is that they satisfy an internal form of bounded separation.
A precise statement is the following: if ¢(x) is a formula in the internal logic
of £ with free variable z € X, all whose basic predicates are interpreted as
bounded subobjects (note that this includes all equalities, by (A9)), and which
contains existential and universal quantifications 3y and V; along small maps f
only, then
A={zeX:¢(x)} C X

defines a bounded subobject of X. In particular, smallness of X implies small-

ness of A.

Definition 2.5 A category with small maps (£,S) will be called a predicative
category with small maps, if the following axioms hold:

(ITE) All morphisms f € S are exponentiable.

(WE) For all f: X—Y € S, the W-type Wy associated to f exists.
(NE) €& has a natural numbers object N.

(NS) Moreover, N—1 € S.

(Representability) There is a small map m: E—U (the “universal small
map”) such that any f:Y—— X € S fits into a diagram of the form

Y4«—B——F

1Lk

X«—A—U,

where the left hand square is covering and the right hand square is a
pullback.

(Bounded exactness) For any equivalence relation
R—XxX

given by a small mono, a stable quotient X/R exists in £.

(For a detailed discussion of these axioms we refer again to [8]; W-types and
the axiom (WE) will also be discussed in Section 2.3 below.)

In predicative categories with small maps one can derive the existence of a
power class functor, classifying small subobjects:



Definition 2.6 By a D-indezed family of subobjects of C', we mean a subobject
R C C x D. A D-indexed family of subobjects R C C' x D will be called S-
displayed (or simply displayed), whenever the composite

RCCxD—D

belongs to S. If it exists, the power class object PsX is the classifying object for
the displayed families of subobjects of X. This means that it comes equipped
with a displayed Ps;X-indexed family of subobjects of X, denoted by €xC
X x PsX (or simply €, whenever X is understood), with the property that for
any displayed Y-indexed family of subobjects of X, R C X xY say, there exists
a unique map p: Y — P, X such that the square

R——€&x

[ ]

X XY —X x P X
idxp
is a pullback.

Proposition 2.7 [8, Corollary 6.11] In a predicative category with small maps
all power class objects exist.

Moreover, one can show that the assignment X — P, X is functorial and that
this functor has an initial algebra.

Theorem 2.8 [8, Theorem 7.4] In a predicative category with small maps the
Ps-functor has an initial algebra.

The importance of this result resides in the fact that this initial algebra can be
used to model a weak intuitionistic set theory: if V is the initial algebra and
E:V — P,V is the inverse of the Ps-algebra map on V' (which is an isomorphism,
since V' is an initial algebra), then one can define a binary predicate ¢ on V' by
setting

zrey < v €y E(y),

where €y, C V x P,V derives from the power class structure on P;V. The
resulting structure (V, €) models a weak intuitionistic set theory, which we have
called RST (for rudimentary set theory), consisting of the following axioms:

Extensionality: Vz (xzea < xeb) — a = b.
Empty set: dzVy—yex.
Pairing: JaVy(yex —y=aVy=0>).

Union: JxVy (yexr « Jzeayez).



Set induction: Vz (Vyex ¢(y) — ¢(x)) — Va o(z).

Bounded separation: 3z Vy (yex < yea A ¢(y) ), for any bounded formula ¢
in which a does not occur.

Strong collection: Vzea Iy ¢(z,y) — IbB(zea, yeb) ¢, where B(zea, yeb) ¢ ab-
breviates
Vaea yeb ¢ A VyebIxea ¢.

Infinity: Ja (Jzxea) A (VreaJyea xey ).

In fact, as shown in [8], the initial Ps-algebras in predicative categories of small
maps form a complete semantics for the set theory RST. To obtain complete
semantics for better known intuitionistic set theories, like IZF and CZF, one
needs further requirements on the class of small maps S. For example, the set
theory IZF is obtained from RST by adding the axioms

Full separation: 3z Vy (yex < yea A ¢(y) ), for any formula ¢ in which a does
not occur.

Power set: JzVy (yex < y C a), where y C a abbreviates Vz (zey — zea).

And to obtain a sound and complete semantics for IZF one requires of ones
predicative category of small maps that it satisfies:

(M) All monomorphisms belong to S.
(PS) For any map f:Y— X € S, the power class object PX (f)— X in £/X
belongs to S.

The set theory CZF, introduced by Aczel in [1], is obtained by adding to RST
a weakening of the power set axiom called subset collection:

Subset collection: J¢Vz (Vaea Iyeb ¢z, y, z) — dec B(xea, yed) ¢(x,y, 2)).

For a suitable categorical analogue, see Section 2.3 below.

For the sake of completeness we also list the following two axioms, saying
that certain IT-types and W-types are small. (The first therefore corresponds to
the exponentiation axiom in set theory; we will say more about the second in
Section 2.2 below.)

(IIS) For any map f:Y—X € S, a functor
;&)Y —E/X
right adjoint to pullback exists and preserves morphisms in S.

(WS) For all f: X—Y € S with Y small, the W-type W, associated to f is
small.

10



2.2 W-types

In a predicative category with small maps (£,S) the axiom (IIE) holds and
therefore any small map f: B—— A is exponentiable. It therefore induces an
endofunctor on &, which will be called the polynomial functor P; associated to
f. The quickest way to define it is as the following composition:

B* Iy 3a

c=c/1 c/B c/A c/1=c.

In more set-theoretic terms it could be defined as:

Pp(X) =) XPe

a€cA

Whenever it exists, the initial algebra for the polynomial functor P; will be
called the W-type associated to f.

Intuitively, elements of a W-type are well-founded trees. In the category of
sets, all W-types exist, and the W-types have as elements well-founded trees,
with an appropriate labelling of its edges and nodes. What is an appropriate
labelling is determined by the branching type f: B—— A: nodes should be la-
belled by elements a € A, edges by elements b € B, in such a way that the edges
into a node labelled by a are enumerated by f~!(a). The following picture
hopefully conveys the idea:

TR VARN V4

a

This set has the structure of a Py-algebra: when an element a € A is given,
together with a map t: B,—— W}, one can build a new element sup,t € Wy, as
follows. First take a fresh node, label it by a and draw edges into this node,
one for every b € B,, labelling them accordingly. Then on the edge labelled
by b € B,, stick the tree tb. Clearly, this sup operation is a bijective map.
Moreover, since every tree in the W-type is well-founded, it can be thought of
as having been generated by a possibly transfinite number of iterations of this
sup operation. That is precisely what makes this algebra initial. The trees that
can be thought of as having been used in the generation of a certain element
w € Wy are called its subtrees. One could call the trees tb € W the immediate
subtrees of sup,t, and w’ € Wy a subtree of w € Wy if it is an immediate subtree,
or an immediate subtree of an immediate subtree, or..., etc. Note that with
this use of the word subtree, a tree is never a subtree of itself (so proper subtree
might have been a better terminology).

~— —
|

11



We recall that there are two axioms concerning W-types:

(WE) For all f: X—Y € S, the W-type Wy associated to f exists.
(WS) Moreover, if Y is small, also W is small.

Maybe it is not too late to point out the following fact, which explains why
these axioms play no essential role in the impredicative setting:

Theorem 2.9 Let (£,8) be a category with small maps satisfying (NS) and
(M).

1. If § satisfies (PE), then it also satisfies (WE).
2. If S satisfies (PS), then it also satisfies (WS).

Proof. Note that in a category with small maps satisfying (M) and (PE) the
object Ps(1) is a subobject classifier. Therefore the first result can be shown
along the lines of Chapter 3 in [21]. For showing the second result, one simply
copies the argument why toposes with nno have all W-types from [25]. O

In the sequel we will need the following result. We will write PF X for the
object of small inhabited subobjects of X:

PIX={AecPX:3ve X (zec A}

Theorem 2.10 For any small map f: B — A in a predicative category with
small maps (€,8), the endofunctors on € defined by

® = ProPs and \IJ:PfoPsJr

have initial algebras.

Remark 2.11 Before we sketch the proof of Theorem 2.10, it might be good to
explain the intuitive meaning of these initial algebras. In fact, they are variations
on the W-types explained above: they are also classes of well-founded trees, but
the conditions on the labellings of the nodes and edges are slightly different.
It is still the case that nodes are labelled by elements a € A and edges with
elements b € B, in such a way that if b € B decorates a certain edge, then
f(b) decorates the node it points to. But whereas in a W-type, every node in
a well-founded tree labelled with a € A has for every b € f~!(a) precisely one
edge into it labelled with b, in the initial algebras for ® there are set-many, and
possibly none, and in the initial algebra for W there are set-many, but at least
one.

12



Proof. The proof of Theorem 2.10 is a variation on that of Theorem 7.4 in [§]
and therefore we will only sketch the argument.

Fix a universal small map 7: E — U, and write
S={(ae AueU¢:E, — B,)}.

Let K be the W-type in & associated to the map g fitting into the pullback

square
R
|

S—>
proj

—

&

An element k € K is therefore of the form sup,, 4t where (a,u,¢) € S
is the label of the root of k and t: E,, — K is the function that assigns to
every element e € E, the tree that is attached to the root of k with the edge
labelled with e. Define the following equivalence relation on X by recursion:
SUDP(q,u,¢)t ~ SUP(qr, ¢yt if @ = a’ and

for all e € E, there is an e’ € E,/ such that ¢(e) = ¢’(¢’) and t(e) ~
t'(¢/), and for all ¢’ € E, there is an e € E, such that ¢(e) =
¢'(¢') and t(e) ~ t'(€).

(The existence of this relation ~ can be justified using the methods of [7] or [8].
See Theorem 7.4 in [8], for instance.) The equivalence relation is bounded (one
proves this by induction) and its quotient is the initial algebra for ®.

The initial algebra for ¥ is constructed in the same way, but with S defined as

S={(a€e A,ueU,¢:E, — By): ¢ is a cover}.

2.3 Fullness

In order to express the subset collection axiom, introduced by Peter Aczel in [1],
in diagrammatic terms, it is helpful to consider an axiom which is equivalent to it
called fullness (see [3]). For our purposes we formulate fullness using the notion
of a multi-valued section: a multi-valued section (or mws) of a function ¢: b—a
is a multi-valued function s from a to b such that ¢s = id, (as relations).
Identifying s with its image, this is the same as a subset p of b such that
p € b—a is surjective. For us, fullness states that for any such ¢ there is a
small family of mwss such that any mws contains one in this family. Written out
formally:

13



Fullness: 3z (z C mvs(f) AVzemvs(f)3cez(c C z)).

Here, mvs(f) is an abbreviation for the class of all multi-valued sections of a
function f:b——a, i.e., subsets p of b such that Vaea Jyep f(y) = x.

In order to reformulate this diagrammatically, we say that a multi-valued
section (mws) for a small map ¢: B—— A, over some object X, is a subobject
P C B such that the composite P— A is a small cover. (Smallness of this
map is equivalent to P being a bounded subobject of B.) We write

mvsx ()

for the set of all mwvss of a map ¢. This set obviously inherits the structure of
a partial order from Sub(B). Note that any morphism f:Y—— X induces an
order-preserving map

frimvsx (¢)—rmvsy (f79),

obtained by pulling back along f. To avoid overburdening the notation, we will
frequently talk about the map ¢ over Y, when we actually mean the map f*¢
over Y, the map f always being understood.

The categorical fullness axiom now reads:

(F) For any ¢: B— A € S over some X with A— X € S, there is a cover
¢: X’— X and a map y: Y —— X' belonging to S, together with an muvs
P of ¢ over Y, with the following “generic” property: if z: Z— X’ is any
map and @ any muvs of ¢ over Z, then there is a map k:U——Y and a
cover [: U— Z with yk = 2l such that k*P < [*Q) as muss of ¢ over U.

It is easy to see that in a set-theoretic context fullness is a consequence of
the powerset axiom (because then the collection of all multi-valued sections of a
map ¢:b — a forms a set) and implies the exponentiation axiom (because if z is
a set of muss of the projection p:a x b — a such that any muvs is refined by one
is this set, then the set of functions from a to b can be constructed from z by
selecting the univalued elements, i.e., those elements that are really functions).
Showing that in a categorical context (F) follows from (PS) and implies (IIS)
is not much harder and we will therefore not write out a formal proof.

In the sequel we will use the following two lemmas concerning the fullness
axiom:
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Lemma 2.12 Suppose we have the following diagram

Y'QLyl

Al

Xo— X4

N

X,

in which the square is a quasi-pullback and f1 and fo are small. When P is a
“generic” mvs for a map ¢: B—— A over X living over Y1 (“generic” as in the
statement of the fullness aziom), then B*P is also a generic mvs for ¢, living
overYs.

Proof. A simple diagram chase. (]

Lemma 2.13 Suppose we are given a diagram of the form

B()*»B

N

Aoi»A

Il

XOT»X’

in which both squares are covering and all the vertical arrows are small. If a
generic mvs for ¢ exists over Xy, then also a generic mvs for ¢ exists over X.

Proof. This was Lemma 6.23 in [§]. O

2.4 Axiom of multiple choice

The axiom of multiple choice was introduced by Moerdijk and Palmgren in [25].
Their motivation was to have a choice principle which is implied by the existence
of enough projectives (“the presentation axiom” in Aczel’s terminology) and is
stable under taking sheaves (unlike the existence of enough projectives). We
will use it in Section 4.4 to show that the axiom (WS) is stable under taking
sheaves.

One can give a succinct formulation of the axiom of multiple choice using
the notion of a collection square.
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Definition 2.14 A square
D—"-B
C——A

will be called a collection square, if it is a covering square and, moreover, the
following statement holds in the internal logic: for all @ € A and covers ¢: E —
B, there is a ¢ € p~!(a) and a map p: D. — E such that the triangle

7N

D—>B

commutes. Diagrammatically, one can express the second condition by asking
that any map X — A and any cover F — X x4 B fit into a cube

YXxecD—FE—>»X xy B

D/}l/ B/l

— X
e <

c A

such that the face on the left is a pullback and the face at the back is covering.

(AMC) (Axiom of multiple choice) For any small map f:Y—— X, there is a
cover q: A— X such that ¢*f fits into a collection square in which all
maps are small:

— 3 AXxY ——>»Y

|

A X.

In the internal logic (AMCQ) is often applied in the following form:
Lemma 2.15 In a predicative category with small maps in which (AMC)
holds, the following principle holds in the internal logic: any small map f: B—— A

between small objects fits into a collection square

D—+B



in which all maps and objects are small.

Proof. See Proposition 4.6 in [25]. O

The following result was proved in [25] as well. Recall from [2, 3] that the
existence of many inductively defined sets within CZF can be guaranteed, in a
predicatively acceptable way, by extending CZF with Aczel’s Regular Extension
Axiom.

Proposition 2.16 If (£,S) is a predicative category with small maps satisfying
the azioms (AMC), (IIS) and (WS), then Aczel’s Regular Extension Aziom
holds in the initial Ps-algebra in this category.

In addition, we will need:

Proposition 2.17 Let (£,S) be a predicative category with small maps. If S
satisfies the axioms (AMC) and (IIS), then it satisfies the aziom (F) as well.

Proof. We argue internally and use Lemma 2.15. So suppose that AMC holds
and f: B — A is a small map between small objects. We need to find a small
collection of muss {P,: y € Y} such that any muvs of f is refined by one in this
family.

We apply Lemma 2.15 to A — 1 to obtain a covering square of the form

D—254
C——>1

)

such that for any cover p: E — A we find a ¢ € C and a map t: D, — E with
pt = g.. Now let Y be the collection of all pairs (¢, s) with ¢ in C and s a map
D, — B such that fs = g, and let P, be the image of the map s: D, — B.
Then P, is an mus, because the square above is covering, and Y is small, because
(IIS) holds.

So if n: @ — B is any mono such that fn:Q — B — A is a cover, then there
exists an element ¢ € C and a map g: D, — @ such that fng = q.. Set s =ng
and y = (¢, s). Then P, = Im(g) is contained in Q. O

2.5 Main results

After all these definitions, we can formulate our main result. Let A be either
{(F)}, or {(AMC), (IIS), (WS)}, or {(M), (PS)}.
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Theorem 2.18 Let (£,S) be a predicative category with small maps for which
all the axioms in A hold and let (C,Cov) be an internal Grothendieck site in &,
such that the codomain map C; — Cy is small and a basis for the topology exists.
Then in the category of internal sheaves Shg(C) one can identify a class of maps
making it into a predicative category with small maps for which the axioms in
A holds as well.

In combination with Theorem 2.8 this result can be used to prove the exis-
tence of sheaf models of various constructive set theories:

Corollary 2.19 Suppose that (£,S) is a predicative category with small maps
satisfying the axiom (F) and suppose that (C,Cov) is an internal Grothendieck
site in €, such that the codomain map C; — Cy is small and a basis for the
topology exists. Then the initial Pg-algebra in She(C) exists and is a model of
CZF. If, moreover,

1. the azioms (AMC) and (WS) hold in &, then the initial Ps-algebra in
She(C) also models Aczel’s Regular Extension Axiom.

2. the azioms (M) and (PS) hold in &, then the initial Ps-algebra in She(C)
is a model of IZF.

3 Presheaves

In this section we show that predicative categories with small maps are closed
under presheaves. More precisely, we show that if (£, S) is a predicative category
with small maps and C is an internal category in &, then inside the category
Pshg(C) of internal presheaves one can identify a class of maps such that Pshg(C)
becomes a predicative category with small maps. Our argument proceeds in two
steps. First, we need to identify a suitable class of maps in a category of internal
presheaves. We take what we will call the pointwise small maps of presheaves.
To prove that these pointwise small maps satisfy axioms (A1-9), we need to
assume that the codomain map of C is small (note that the same assumption
was made in [30]). Subsequently, we show that the validity in the category with
small maps (£, S) of any of the axioms introduced in the previous section implies
its validity in any category of internal presheaves over (£,S). To avoid repeating
the convoluted expression “the validity of axiom (X) in a predicative category
with small maps implies its validity in any category of internal presheaves over
it”, we will write “(X) is inherited by presheaf models” or “(X) is stable under
presheaf extensions” to express this.
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3.1 Pointwise small maps in presheaves

Throughout this section, we work in a predicative category with small maps
(€,8) in which we are given an internal category C, whose codomain map

cod:C1—Cy

is small. Here we have written Cy for the object of objects of C and C; for its
object of arrows. In addition, we will write Pshe(C) for the category of internal
presheaves, and 7* for the forgetful functor:

7*: Pshe (C)— & /Co.
In the sequel, we will use capital letters for presheaves and morphisms of
presheaves, and lower case letters for objects and morphisms in C.

We will also employ the following piece of notation. For any map of presheaves
F:Y — X and element x € X(a), we set

YM.={(f:b—=a€C,ycY(®): Fy)=z-f}

(The capital letter M stands for the maximal sieve on b: for this reason, this
piece of notation is consistent with the one to be introduced in Section 4.4.)
Occasionally, we will regard Y,M as a presheaf: in that case, its fibre at b € Cy
is

YMB)={(fib—>a€cCLyeY(®): Fy)=z-f},

and the restriction of an element (f,y) € ;¥ (b) along g: ¢ — b is given by

(f,y)-9=(fg,y-9)

A map of presheaves F: Y — X will be called pointwise small, if 7* F' belongs
to §/Cp in £/Cy. Note that for any such pointwise small map of presheaves and
for any x € X (a) with a € Cy the object Y™ will be small. This is an immediate
consequence of the fact that the codomain map is assumed to be small.

Theorem 3.1 The pointwise small maps make Pshg(C) into a category with
small maps.

Proof. Observe that finite limits, images and sums of presheaves are computed
“pointwise”, that is, as in £/Cy. The universal quantification of A C Y along
F:Y—— X is given by the following formula: for any a € Cp,

Ve(A)(a) = {z€X(a):Y(fy) eV, (yeA)} (1)
This shows that Pshe(C) is a positive Heyting category. To complete the proof,

we need to check that the pointwise small maps in presheaves satisfy axioms
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(A1-9). We postpone the proof of the collection axiom (A7) (it will be Proposi-
tion 3.9). The remaining axioms follow easily, as all we need to do is verify them
pointwise. For verifying axiom (A8), one observes that the universal quantifier
in (1) ranges over a small object. O

For most of the axioms that we introduced in Section 2, it is relatively
straightforward to check that they are inherited by presheaf models. The ex-
ceptions are the representability, collection and fullness axioms: verifying these
requires an alternative characterisation of the small maps in presheaves and
they will therefore be discussed in a separate section.

Proposition 3.2 The following axioms are inherited by presheaf models: (M),
bounded exactness, (NE) and (NS), as well as (IIE), (IIS) and (PS).

Proof. The monomorphisms in presheaves are precisely those maps which
are pointwise monic and therefore the axiom (M) will be inherited by presheaf
models. Similarly, presheaf models inherit bounded exactness, because quotients
of equivalence relations are computed pointwise. Since the natural numbers
objects in presheaves has that of the base category & in every fibre, both (NE)
and (NS) are inherited by presheaf models.

Finally, consider the following diagram in presheaves, in which F is small:
B
|
Y —— X.
The object P = IIp(G) over an element x € X (a) is given by the formula:
Ppi={s eI, eymG ' (y): s is natural }.

This shows that (IIE) is inherited by presheaf extensions. It also shows that
(IIS) is inherited, because the formula

V(f.y) € VM (0)Vgie = b(s(foy) -9 =5(f9,y-9)
expressing the naturality of s is bounded.

To see that (PS) is inherited, we first need a description of the Ps-functor in
the category of internal presheaves. This was first given by Gambino in [15]
and works as follows. If X is a presheaf and yc is the representable presheaf on
¢ € Cy, then

Ps(X)(c) ={ACyex X: Ais asmall subpresheaf },
with restriction along f:d — ¢ on an element A € Py(X)(c) defined by
(A-f)(e) ={(g:e = d,z € X(e)): (fg,x) € A}.
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The membership relation € xC X x P;X is defined on an object ¢ € C by: for
all z € X(c) and A € Py(X)(e),

z €x A<= (id.,z) € A.
This shows that the axiom (PS) is inherited, because the formula
V(f:b—c,z) € AVgia = b[(fg,x-g) € A]

expressing that A is a subpresheaf is bounded. ([

Theorem 3.3 The axioms (WE) and (WS) are inherited by presheaf exten-
sions.

Proof. For this proof we need to recall the construction of polynomial functors
and W-types in presheaves from [24]. For a morphism of presheaves F:Y — X
and a presheaf Z, the value of

Pe(Z)=Y_ 2"

zeX
on an object a of Cy is given by
Pr(Z)(a) = { (¢ € X(a),: Y,V — 2)},

where t is supposed to be a morphism of presheaves. The restriction of an
element (z,t) along a map f:b — a is given by (x - f, f*t), where

(ft)(g,y) =t(fg,y)-

The presheaf morphism F' induces a map
o2, > Y'— ) X
a€Co z€X(a) a€Co

in £ whose fibre over x € X (a) is Y, and which is therefore small. The W-type
in presheaves will be constructed from the W-type V associated to ¢ in €.

A typical element v € V' is a tree of the form
v = sup,t

where z is an element of some X (a) and t is a function Y, — V. For any such
v, one defines its root p(v) to be a. If one writes V(a) for the set of trees v
such that p(v) = a, the object V will carry the structure of a presheaf, with the
restriction of an element v € V(a) along a map f:b——>a given by

v- f =sup, ;f*t.
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The W-type associated to F' in presheaves is obtained by selecting the right trees
from V, the right trees being those all whose subtrees are (in the terminology
of [24]) composable and natural. A tree v = sup,(t) is called composable if for
all (f,y) € YV,

p(t(f,y)) = dom(f).

A tree v = sup,(t) is natural, if it is composable and for any (f,y) € Y,M(a)
and any g:b — a, we have

t(f,y)-9=tfg,y-9)

(so t is actually a natural transformation). A tree will be called hereditarily
natural, if all its subtrees (including the tree itself) are natural.

In [24, Lemma 5.5] it was shown that for any hereditarily natural tree v rooted
in @ and map f:b — a in C, the tree v - f is also hereditarily natural. So when
W(a) C V(a) is the collection of hereditarily natural trees rooted in a, W is a
subpresheaf of V.

A proof that W is the W-type for F' can be found in the sources mentioned
above. Presently, the crucial point is that the construction can be imitated
in our setting, so that (WE) is stable under presheaves. The same applies to
(WS), essentially because W was obtained from V using bounded separation
(in this connection it is essential that the object of all subtrees of a particular
tree v is small, see [8, Theorem 6.13]). O

3.2 Locally small maps in presheaves

For showing that the representability, collection and fullness axioms are inher-
ited by presheaf models, we use a different characterisation of the small maps in
presheaves: we introduce the locally small maps and show that these coincide
with the pointwise small maps. To define these locally small maps, we have to
set up some notation.

Remark 3.4 The functor 7*: Pshg (C)— &£ /Cy has a left adjoint, which is com-
puted as follows: to any object (X,0x: X — Cy) and a € Cy one associates
m(X)(a) = {(@ € X, fra—b): ox(x) = b},
which is a presheaf with restriction given by
(@, f) 9= (2, f9)-
This means that 7*mX fits into the pullback square
mmX ——Cy

XO'—X>CO'
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From this one immediately sees that m preserves smallness. Furthermore, the
component maps of the counit m7* — 1 are small covers (they are covers,
because under 7* they become split epis in £/Cp; that they are also small is
another consequence of the fact that the codomain map is assumed to be small).

In what follows, natural transformations of the form
mB — mA

will play a crucial role and therefore it will be worthwhile to analyse them more
closely. First, due to the adjunction, they correspond to maps in £/Cy of the
form

B — n*mA.

Such a map is determined by two pieces of data: a map r: B — A in &, and, for
any b € B, a morphism s,:05(b) — c4(rb) in C, as depicted in the following
diagram:

OB

//\
348)61 WCO

J de (2)

AT)CO.

(Note that we do not have 047 = o in general, so that it is best to consider r
as a map in £.) We will use the expression (r, s) for the map B — 7*mA and
(r, s), for the natural transformation mB — m A determined by a diagram as in
(2).

In the following lemma, we collect the important properties of the operation

(_7_)1'

Lemma 3.5 1. Assume r and s are as in diagram (2). Then (r,s);: mB —
mA is a pointwise small map of presheaves iff r: B — A is small in £.

2. Assume r: B — A is a cover and 04: A — Cqy is an arbitrary map. If we
set op = oar and s, = idy gy for every b € B, then (r,s):mB — mA is a
cover.

3. If (r,s): B — m*mA is a cover and op(b) = dom(sp) for all b € B, then
also (r,s)i:mB — mA is a cover.

4. If (r,s)i:m B — mA is a natural transformation determined by a diagram
as in (2) and we are given a commuting diagram

Vv—-B
h l
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in &, then these data induce a commuting square of presheaves

W!V%W!B

(h»Sp)zJ l(m)z

7T!W Tq> 7T[A,

with oy = opp and ow = oaq. Moreover, if the original diagram is
a pullback (resp. a quasi-pullback or a covering square), then so is the
induced diagram.

5 If (r,s)rmA — mX and (u,v):mB — mX are natural transformations
with the same codomain and for every x € X and every pair (a,b) €
A X x B with x = ra = ub there is a pullback square

F(as) —5 o (b)

p(a,‘b)l lvb

gala) —— ox(2)

in C, then m applied to the object o axp: A xXx B — Co in E/Cy obtained
by sending (a,b) € A xx B to k) is the pullback of (r,s) along (u,v)

in Pshe(C):
(A xx B) 2 1B
(m,p)zl J(u,v)z
mA W mX.
Proof. By direct inspection. U

Using the notation we have set up, we can list the two notions of a small
map of presheaves.

1. The pointwise definition (as in the previous section): a map F': B— A of
presheaves is pointwise small, when 7*F is a small map in £/Cy.

2. The local definition (as in [21]): a map F: B— A of presheaves is locally
small, when F' is covered by a map of the form (r, s), in which r is small
in £.

We show that these two classes of maps coincide, so that henceforth we can
use the phrase “small map” without any danger of ambiguity.

Proposition 3.6 A map is pointwise small iff it is locally small.
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Proof. We have already observed that maps of the form (r, s); with r small are
pointwise small, so all maps covered by one of this form are pointwise small as
well. This shows that locally small maps are pointwise small. That all pointwise
small maps are also locally small follows from the next lemma and the fact that
the counit maps m7*Y — Y are covers. O

Lemma 3.7 For any pointwise small map F: Z——Y and any map L: m B—Y
there is a quasi-pullback square of presheaves of the form

mC —— 7

(k»l)!l J{F

’/T[B T) Y,
with k small in £.

Proof. Let S be the pullback of F' along L and cover S using the counit as in:

mr*S —» S —— mB

| ]

We know the composite along the top is of the form (k,);. Because k is the
composite along the middle of the following diagram and both squares in this
diagram are pullbacks, k is the composite of two small maps and hence small.

d
Cy L)Co

|

s —— 1m*mB— B

Corollary 3.8 Every pointwise small map is covered by one of the form (r,s)
in which r is small. In fact, every composable pair (G, F) of pointwise small
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maps of presheaves fits into a double covering square of the form

77!04»Z

(k,l)gl lG

mB —»Y

(T,S)yJ/ lF

W!A*»X,

in which k and r are small in £.

Proof. We have just shown that every pointwise small map is covered by one
of the form (r,s), in which r is small, which is the first statement. The second
statement follows immediately from this and the previous lemma. O

Using this alternative characterisation, we can quickly show that the collec-
tion axiom is inherited by presheaf models, as promised.

Proposition 3.9 The collection axiom (AT) is inherited by presheaf models.

Proof. Let F: M—— N be a small map and Q: E—— M be a cover. Without
loss of generality, we may assume that F' is of the form (k,[); for some small
map k: X—Y in £.

Let n be the map obtained by pullback in &€ /C:

T4”»X

|

™ FE ﬁQ} m*mX.
Then use collection in £ to obtain a covering square as follows:

BT —"%X

il |

—_—»
A _ Y.

Using Lemma 3.5.4 this leads to a covering square in the category of presheaves

m™m A
mB — mT E o mX
(d,lnm)zl l(k‘,l)y
mA mY,

™p
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thus completing the proof. (Il

Proposition 3.10 The representability axiom is inherited by presheaf models.

Proof. Let m: E—— U be a universal small map in £, and define the following
two objects in £/Co:

U' = {(ueUcéeClyp:E,— Ci): Ve € E, (cod(pe) = ¢)},
ovr(u,c,p) = ¢
E' = {(u,e,p.e): (u,c,p) €U’ e € E,},
og (u,c,p,e) = dom(pe).

If r: B/ — U’ is the obvious projection and s: B/ — (C; is the map sending
(u, ¢, p,e) to pe, then r and s fit into a commuting square as shown:

Ot

/_\
E ——C —/——Co

dom

U —— Co.
U/

We claim that the induced map (r, ), in the category of presheaves is a universal
small map. To show this, we need to prove that any small map F can be
covered by a pullback of (r, s);. Without loss of generality, we may assume that
F = (k,1), for some small map k: X—Y in €.

Since 7 is a universal small map, there exists a diagram of the form

m % l

FE \% X Cq
‘ﬂ'l hJ{ lk lcod
Us——W 5 Y — Co,

in which the left square is a pullback and the middle one a covering square.
From this, we obtain a commuting diagram of the form

Co

oy dom
li

V—/—F —C

hl JT lcod
W L/> U/ U*U> CU
\w//!

ow
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by putting

ow = UYjv

nw = (nw,aww,)\e S Enw-limfle)’
oy = UXi7

m'v = (n'hv,mv).

Together these two commuting diagrams determine a diagram in the category
of internal presheaves

’ .
™ m m™

mE mV — mX
(T,S)!l l(h,li)z l(k,l)!
mU’ —mW — r mY,

in which the left square is a pullback and the right one a covering square (by
Lemma 3.5.4). 0

Theorem 3.11 (Assuming C has chosen pullbacks.) The fullness axiom (F) is
inherited by presheaf models.

Proof. In view of Lemma 2.13 and Corollary 3.8, we only need to build generic
muss for maps of the form (k,1);: mB — mA in which k is small, where m A is
sliced over some object of the form mX via a map of the form (r, s), in which r
is small. To construct this generic mwvs, we have to apply fullness in £. For this
purpose, consider the objects

X' = omX={(zre X, feC): ox(x)=rcod(f)},
A" = {(a€e A feC):ox(ra)=cod(f)},
B = {(beB,feCi,hel): ox(rkb) = cod(f),(f*ly)h =id}.
Note that A’ = X’ x x A. In the definition of B’, the map f*I; is understood to

be the map fitting, for any b € B and f:d — ¢ with ¢ = ox(rkb), in the double
pullback diagram

f*O'B(b) e O’B(b)

f*z{ lzb
(

f*O'A(kb) —0A kb)

f*Ska/ Jsk

_—
d 7 c

in C.
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Note that if ¥’ and r’ are the obvious projections
B A — X,

then they are both small. Therefore, using fullness in £, we find a cover n: W —
X’ and a small map m: Z—— W, together with a generic mvs P’ for k' over Z,
as depicted in the following diagram.

pPr——sZxxy BB — B

N, | |

Zxx1t Al —— A/

Z w X'

m

n

Since X’ = 7*m X, the map n: W — X’ is of the form (7,¢), with 7 and ¢ fitting
into the square

W—=0

X =G

If we use the abbreviations v = 7m and ¢ = tm, and put ow (w) = dom(t,)
and oz(z) = dom(c,), we may construct a map mm: mZ — m W which is small
(since m preserves smallness) and a map (7,¢);: mW — mX which is a cover (by
Lemma 3.5.2). The map (v, ¢): is composite of mm with (7,¢): and the results
of pulling back (r, ), and (k, 1), along this map, can be computed using Lemma
3.5.5. The first is Z x x A with 0z a(2,a) = cioa(a) as in the pullback square

ctoala) —— oa(a)

X
CZSQJ J/Sa

dom(c;) —— ox(ra)
in C, and the second is Z xx B with oz« p(2,b) = ciop(b) as in the pullback

square
CzO'B(b) e O'B(b)

C: lbl llb

CEUA(kb) —_— O'A(kb)

* )
c, skbl lskb

dom(c;) — — ox(rkb),
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also in C. As a result, we obtain the following diagram of presheaves, in which
both rectangles are pullbacks

7T!(Z Xx B) mB
\L J(kyl)z
7T[(Z Xx A) mA
l J(ﬁs)!
Tm (T’t)l
7TgZ 7T!W 7T5X.
w
(7o)

We wish to define a subpresheaf of m(Z x x B) and prove that it is the generic
mus of (k,1);. Before we do this, observe that Z x x» A’ = Z xx A and

Zxx B '={(z€ Z,be B,h€Cy:v(z) =rk(b) and (cily)h = id}.

The crux of the proof is that one can therefore define a subpresheaf P of m(Z X x
B) by saying for any (2 € Z,b€ B, fic — d) € m(Z xx B)(c),

(z,b, frc — d) € P(c) iff f factors through a map h such that
(2,b,h) € P'.

In the remainder of this proof, we show that P is a generic mws of (k,l) in
presheaves. The inclusion of P in m(Z X x B) is bounded, because P is defined
by a bounded formula (note that h must have codomain d and the codomain
map is small). Furthermore, the induced map from P to m(Z x x A) is a cover,
because P’ — Z x x, A’ is a cover. Thus it remains to verify genericity.

To verify this, let E — mW be any map and @ be an muvs of (k,l) over E.
Without loss of generality, we may assume that E is of the form mY (since F
can always be covered using the counit). This leads to the following diagram of
presheaves in which the rectangles are pullbacks:

Q

mB

:
. Jeo
° mA
| foo
ny (T,th

mW mX.
L

Of course, we may assume that the pullbacks are computed using Lemma 3.5.5,

so that they are m(Y xx B) and m (Y x x A), respectively, with

(6,d)

oyxxa(y,a) = dyoa(a),
O'YXXB(y,b) = dZO'B(b).
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This means that in £ we have the following diagram, in which the rectangles
are pullbacks:
Y xx BB ——— B’

| I

VxxyAd—

n

Y w X'
(3,d)

Observe that an element of Y X x/ B’ is a triple (y € Y,b € B, h:¢c — d) with
0y = rkx and (d;lb)h = id. Therefore such a triple can also be regarded as
an element of m(Y xx B)(c) and one can define a subobject of Y xx B’ by
putting:

(y,b,h) € Q" iff (y,b,h) € Q(c).

Indeed, this turns @’ into an mws of k' over Y. Therefore, by the genericity
of P', there is a cover 3: U——Y and a map a: U—— Z, with (y,c)a = (6,d)8
such that o*P’ < 3*Q’ as muss of k' over U. Write (¢,¢) = (v,c)a = (6,d)8
and set oy (u) = dom(e,,). Since oy = dgy = €, for every u € U, we have

oy (u) = dom(cqau) = oz (ou) = dom(dg,) = oy (Bu).

Therefore we obtain maps (0, id);: mU — mY and (a,id);: mU — mZ such that
(v, o)(e,id)r = (4,d)1(B,id);. Lemma 3.5.2 implies that (3,id) is a cover and
therefore the proof will be finished, once we show that (o, id)f P < (8,id); Q.

To show this, consider an element (u,b, f:c — d) € m(U xx B)(c) for which
we have (u,b, f) € («a,id);P(c). This means that (au,b, f) € P(c) and f fac-
tors through some h:e — d with (au,b,h) € P’. But then (u,b,h) € a*P’
and hence (u,b,h) € f*Q’ and (Bu,b,h) € Q'. By definition of @ this means
that (Bu,b,h) € Q(e), and hence also (Su,b, f) € Q(c), since Q is a presheaf.
Therefore (u, b, f) € (8,id);Q(c) and the proof is finished. O

4 Sheaves

In this section we continue to work in the setting of a predicative category with
small maps (£,S) together with an internal category C in & whose codomain
map is small. To define a category of internal sheaves, we have to assume that
the category C comes equipped with a Grothendieck topology, so as to become
a Grothendieck site. There are different formulations of the notion of a site, all
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essentially equivalent ([20] provides an excellent discussion of this point), but
for our purposes we find the following (“sifted”) formulation the most useful.

Definition 4.1 Let C be an internal category whose codomain map in small.
A sieve S on an object a € Cy consists of a small collection of arrows in C
all having codomain a and closed under precomposition (i.e., if f:b — a and
g:¢ — b are arrows in C and f belongs to S, then so does fg). Since we insist
that sieves are small, there is an object of sieves (a subobject of PsCy).

We call the set M, of all arrows into a the mazimal sieve on a (it is a sieve,
since we are assuming that the codomain map is small). If S is a sieve on @ and
f:b — a is any map in C, we write f*S for the sieve {g:c — b: fg € S} on b.
In case f belongs to .S, we have f*S = M,.

A (Grothendieck) topology Cov on C is given by assigning to every object
a € C a collection of sieves Cov(a) such that the following axioms are satisfied:

(Maximality) The maximal sieve M, belongs to Cov(a);

(Stability) If f:b — a is any map and S belongs to Cov(a), then f*S belongs
to Cov(b);

(Local character) If S is a sieve on a for which there can be found a sieve
R € Cov(a) such that for all f:b — a € R the sieve f*S belongs to Cov(b),
then S belongs to Cov(a).

A pair (C,Cov) consisting of a category C and a topology Cov on it is called
a site. If a site (C,Cov) has been fixed, we call the sieves belonging to some
Cov(a) covering sieves. If S belongs to Cov(a) we say that S is a sieve covering
a, or that a is covered by S.

Finally, a basis for a site (C, Cov) is a function BCov which yields, for every
a € Cy, a small collection of sieves BCov(a) such that:

S € Cov(a) & 3R € BCov(a): R C S.

Our first goal in this section is prove that any category of internal sheaves
over a predicative category with small maps (£, S) is a positive Heyting category.
The proof of this relies on the existence of a sheafification functor (a left adjoint
to the inclusion of sheaves in presheaves), and since this functor is built by
taking a quotient, we use the bounded exactness of (£,S). To ensure that the
equivalence relation by which we quotient is bounded, we will have to assume
that the site has a basis. Next, we have to identify a class of small maps in
any category of internal sheaves over (£,S). We will define pointwise small and
locally small maps of sheaves and we will insist that these should again coincide
(as happened in presheaves). For this to work out, we again seem to need the
assumption that the site has a basis; moreover, we will assume that the fullness
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axiom holds in £ (note that similar assumptions were made in [18]). So, in
effect, we will work in a predicative category with small maps (£,S) equipped
with a Grothendieck site (C, Cov) such that:

1. The fullness axiom (F') holds in .
2. The codomain map cod:C; — Cgp is small.

3. The site has a basis.

The first author plans to investigate how the theory will look if these assump-
tions are not made. (Anticipating a bit, in such a setting the pointwise and
locally small maps will no longer coincide and it is the local definition which is
the right one.)

After we have shown that a category of sheaves can be given the structure
of a category with small maps, we prove that the validity of any of the axioms
introduced in Section 2 in (£, S) implies its validity in any category of internal
sheaves over it (Theorems 4.8-4.11 and Theorem 4.17): we will say that the
axiom is “inherited by sheaf models”. There is one exception to this, however:
we will not be able to show that the axiom (WS) is inherited by sheaf models.
We will discuss the problem and provide a solution based on the axiom of
multiple choice in Section 4.4 below (see Theorem 4.18 and Theorem 4.19).

4.1 Sheafification

Our next theorem shows the existence of a sheafification functor, a Cartesian
left adjoint to the inclusion of sheaves in presheaves. The proof relies in an
essential way on the assumption of bounded exactness and on the fact that our
site has a basis.

Theorem 4.2 The inclusion
Ty Shg (C)>—> Pshg (C)

has a Cartesian left adjoint i* (a “sheafification functor”).

Proof. We verify that it is possible to imitate the standard construction.

Let P be a presheaf. A pair (R, z) will be called a compatible family on a €
Co, if R is a covering sieve on a, and x specifies for every f:b——a € R an
element xy € P(b), such that for any g: c— b the equality (zf)-g = x4 holds.
Because (IIE) holds and sieves are small, by definition, there is an object of
compatible families. Actually, the compatible families form a presheaf Comp(P)
with restriction given by

(R,J?)f:(f*R,.I‘f),
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where (z - f)y =z,

We define an equivalence relation on Comp(P) by declaring two compatible
families (R, x) and (7, y) on a equivalent, when there is a covering sieve S C
RNT on a with xy = yy for all f € S. Since the site is assumed to have a
basis, this quantification over the (large) collection of covering sieves S on a,
can be replaced with a quantification over the small collection of basic covering
sieves on a. Therefore the equivalence relation is bounded and has a quotient
P*. This object PT is easily seen to carry a presheaf structure in such a way
that the quotient map Comp(P) — PT is a morphism of presheaves.

First claim: P7 is separated. Proof: Suppose two elements [R,z] and [S,y] of
P*(a) agree on a cover T. Pick representatives (R, x) and (S,y), and define:

Q={fib—ac€RNS: x5 =uys}.

Once we show that @ is covering, we are done. But this follows immediately
from the local character axiom for sites: for any f € T, the sieve f*Q is covering,
by assumption.

Second claim: when P is separated, P* is a sheaf. Proof: Let R be a covering
sieve on a, and let compatible elements py € PT(b) be given for every f:b—a €
R. Using the collection axiom, we find for every f € R a family of representatives
(R(f’i),x(f’i)) of py, with the variable ¢ running through some inhabited and
small index set I;. Therefore

S:{fog:fER,iEIf,gER(f’i)}

is small; in fact, it is a covering sieve, by local character.

We now prove that for any two triples (f € R,i € If,g € RUD) and (f €
R,i' € I, g € RU)) with fg = f'g, we must have 2" = a:é],c ) Since the
elements py are assumed to be compatible, the equality

[R(f’l)’x(f7")] -g = pfg — pf’g’ e [R(f/7i/)’x(f/»i,)] . g/

(f:3)

holds. Hence the elements x5 ' and ) agree on a covering sieve. Since P

g/
is assumed to be separated, this implies that the elements xéf ) and :cé]f

in fact identical.

! Z/)
7 are

This argument shows that the definition zy, = :vf,f " i unambiguous for fg € S,

and also that (.5, z) is a compatible family. As its equivalence class [S, 2] is the
glueing of the family p; we started with, the second claim is proved.

From the construction it is clear that for any presheaf P the sheaf P™1 has to be
its sheafification. So we have shown that the construction of the sheafification
functor carries through in the setting we are working in; that this assignment is
moreover functorial as well as Cartesian is proved in the usual manner. O
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Theorem 4.3 Shg(C) is a positive Heyting category.

Proof. The category of sheaves has finite limits, because these are computed
pointwise, as in presheaves. Using the following description of images and covers
in categories of sheaves, one can easily show these categories have to be regular:
the image of a map F:Y—— X of sheaves consists of those x € X(a) that are
“locally” hit by F', i.e., for which there is a sieve S covering a such that for any
f:b—>a € S there is an element y € Y (b) with F(y) = - f. Therefore a map
F:Y— X is a cover, if for every z € X (a) there is a sieve S covering a and for
any f:b — a € S an element y € Y (b) such that F(y) = « - f (such maps are
also called locally surjective).

The Heyting structure in sheaves is the same as in presheaves, so the universal
quantification of A C Y along F:Y—— X is given by the formula (1). In-
deed, from this description it is readily seen that belonging to Vg (A) is a local
property.

The sums in sheaves are obtained by sheafifying the sums in presheaves. They
are still disjoint and stable, because the sheafification functor is Cartesian. O

4.2 Small maps in sheaves

We will now define two classes of maps in the categories of sheaves, those which
are pointwise small and those which are locally small. Using that (F) holds in
& and the fact that the site has a basis, we will then show that they coincide.
But before we define these two classes of maps, note that we have the following
diagram of functors:

£/Co = Pshe (C)

She(C),

where the maps p* and p, are defined as the composites of 7 and ¢ via the
diagram. So p* is the forgetful functor, p; is defined as

X =i"mX,

and they are adjoint. It follows immediately from the maximality axiom for
sites that the components of the counit pp*——1 are covers.

One final remark before we give the definitions. We have seen that any pair
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of maps (r, s) in £ making
oB

/,.\
B*S>01 WCO

AT)CO'

commute determines a map (r, s);: mB — mB of presheaves. Therefore it also
determines a map i*(r, s)1: B — p1 A of sheaves, but note that now not all maps
mB — prA will be of this form, in contrast to what happened in the presheaf
case.

Finally, the two classes of maps are defined as:

1. The pointwise definition: a morphism F: B—— A of sheaves is pointwise
small, when p*F is a small map in £/Cy.

2. The local definition (as in [21]): a morphism F: B—— A of sheaves is
locally small in case it is covered by a map of the form i*(r, s); where r is
a small map in £.

That these two classes of maps coincide will follow from the next two proposi-
tions, both whose proofs use the fullness axiom.

Proposition 4.4 The sheafification functor i* preserves pointwise smallness:
if F is a (pointwise) small map of presheaves, then i*F is a pointwise small
map of sheaves.

Proof. To prove the proposition, it suffices to show that the (—)™-construction
preserves smallness. So let F: P—— (@ be a (pointwise) small morphism of
presheaves and ¢ be an element of Q" (a), i.e. ¢ = [R,z] where R is a sieve
and (zy)fep is a family of compatible elements. The fibre of F'* over ¢ con-
sists of equivalence classes of all those compatible families (S, y) on a such that
(S, F(y)) and (R, q) are equivalent (by F(y) we of course mean the family given
by F(y); = F(yy)). Because every such equivalence class is represented by a
compatible family (S,y) where S is a basic covering sieve contained in R and
F(yg) = x5 for all f € S, the fibre of F' over ¢ is covered by the object:

> 17 @)

SeBCov(a),SCR f€S

It follows from the fullness axiom in &£ that this object is small (actually, the
exponentiation axiom (IIS) would suffice for this purpose) and then it follows
from the quotient axiom (A6) that the fibre of F over ¢ is small as well. O
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Proposition 4.5 The pointwise small maps in sheaves are closed under covered
maps: if
X—A

Fl la

is a covering square of sheaves (i.e., P and the induced map X — Y xp A are
locally surjective) and F' is pointwise small, then also G is pointwise small.

Proof. To make the proof more perspicuous, we will split the argument in two:
first we show closure of pointwise small maps under quotients and then under
descent.

So suppose first that we have a commuting triangle of sheaves

y —% s x

N,

with F' pointwise small and G locally surjective. Fix an element b € B(c). The
fullness axiom in & implies that for any basic covering sieve S € BCov(c) there
is a small generic family Pbs of muwss of the obvious (small) projection map

pr:YbS:{(f:dﬁceS,er(d)): Fi(ly)=0b- f} —— S,

such that any muvs of this map is refined by one in PbS (recall that an mws of pf
would be a subobject L C Y})S such that the composite L C YbS — S is a small
cover). Strictly speaking, the fullness axiom says that for every S € BCov(c)
such a generic mus exists, not necessarily as a function of S. This does follow,
however, using the collection axiom: for this axiom tells us that there is a small
family {P;: i € I} } of such muss for every S. So we can set P} = Uielbs P; to

get a generic muvs of py as a function of S.

Call an element L € P compatible after G, if for any pair of elements (f:d —
¢,y) and (f:d" — ¢,y') in L we have

Vgie = d,gie—d (fg=f'9 = Galy) - 9=Ga(y)-9").
Note that there is a map
¢ Z {L € P?: L compatible after G'} — H_(b),
SeBCov(c)

which one obtains by sending (S, L) to the glueing of the elements {G4(y) : (f:d —
¢,y) € L} in X. The domain of this map ¢ is small, so the desired result will fol-
low, once we show that this map is a cover. For this we use the local surjectivity
of G.
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Local surjectivity of G means that for every x € X (c) in the fibre over b € B(c),
there is a basic covering sieve S € BCov(c) such that

Vfid—ceSIyeY(d): Go(y) =x- f.
But G4(y) = - f implies that Fy(y) =b- f, so
{(fid—c,yeY(d): Galy) =z f}

is an muvs of pbs and therefore it is refined by an element of Pbs . Since this
element must be compatible after G, we have shown that ¢ is a cover.

Second, suppose we have a pullback square of sheaves

x—254
. la
YT»B’

where I is pointwise small and P and @ are locally surjective. Again, for any
b € B(c) and basic covering sieve S of ¢, let py be the map

PEYS = {(Fid — c€ S,y € Y(d): Paly) =b- f} —— S,

as above. Furthermore, let mvs(pf ) be the object of muss of pf and set

Yie) = > > mvs(p),

beB(c) SeBCov(c)

X'(e) = Z {ke H F;'(y): k compatible after Q },
(b,5,L)eY"(c) (f:d—c,y)EL

where we call k € H(f:d_m’y)eL F;l(y) compatible after @, if for any (f:d —
¢,y) and (f':d’ — ¢,y’) in L we have

Vgie = d, g e —d €C(fg=f'g = Qalkisy) - 9= Qa ki ) 9)-

This leads to a commuting square in £/Cq

X'(e) =25 Ale)
F'J JGE
Y/(0) —» Blo),

in which P’ and F’ are the obvious projections and @’ sends (b, S, L, k) to the
glueing of {Qq(k(s,y)): (f,y) € L}. The square is a pullback in which the map
P’ is a cover (this uses the collection axiom) and F’ is small, so that G. is a
small map by descent (A2) in £/Cy. This completes the proof. O
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Theorem 4.6 The pointwise small maps and locally small maps of sheaves
coincide.

Proof. That all locally small maps of sheaves are also pointwise small follows
from the previous two propositions. To prove that all pointwise small maps are
also locally small we use that the pointwise and locally small maps coincide in
presheaves.

So consider a pointwise small map F: B—— A of sheaves. Since i, F' is a point-
wise small map of presheaves, there is a small map of presheaves (k,); with k
small in &€ such that

mX —i.B

(k,l)xl J{i*F

mYy —— i, A

is a covering square in presheaves. Applying sheafification ¢* and using that
1", =2 1, we obtain a diagram of the desired form. O

Corollary 4.7 Any pointwise small map is covered by one of the form i*(r, s)
with r smallin E. In fact, every composable pair (G, F) of pointwise small maps
of sheaves fits into a double covering square of the form

pC —» 7

i*(hl)!l JG

p!BHY

i*(r,s)gl lF

p!AH}Xv

in which k and r are small in £.

Proof. Immediate from the previous theorem and the corresponding fact for
presheaves (Corollary 3.8). O

Henceforth we can therefore use the term “small map” without danger of
ambiguity. The first thing to do now is to show that the small maps in sheaves
really satisfy the axioms for a class of small maps.

Theorem 4.8 The small maps in sheaves satisfy axioms (A1-9).

Proof. Again, we postpone the proof of the collection axiom (A7) (it will be
Theorem 4.10). Because limits in sheaves are computed as in presheaves, (A1)
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and (A9) are inherited from presheaves. Colimits in sheaves are computed
by sheafifying the result in presheaves, hence the axioms (A3) and (A4) follow
from Proposition 4.4. That pointwise small maps are closed under covered maps
was Proposition 4.5: this disposes of (A2) and (A6). Pointwise small maps
are closed under composition, so (A5) holds as well. Finally, since universal
quantification in sheaves is computed as in presheaves, the axiom (A8) holds
in sheaves, because it holds in presheaves. (I

Theorem 4.9 The following axioms are inherited by sheaf models: bounded
exactness, representability, (NE), (NS), (IIE), (IIS), (M) and (PS).

Proof. Bounded exactness is inherited by sheaf models, since one can sheafify
the quotient in presheaves. Representability is inherited for the same reason:
one sheafifies the universal small maps in presheaves. Also the natural num-
bers object in sheaves is obtained by sheafifying the natural numbers object in
presheaves, so (NE) and (INS) are inherited by sheaf models. Since II-types
in presheaves are computed as in sheaves and (ITE) and (IIS) are inherited
by presheaf models, they will also be inherited by sheaf models. Finally, since
monos in sheaves are pointwise, (M) is inherited as well.

The P,-functor in sheaves is obtained by quotienting the Ps-functor in presheaves
(see Proposition 3.2) by the following equivalence relation (basically, bisimula-
tion understood as in sheaves): if A, A" C ye¢ x X, then A ~ A’ if for all
(f:b—c,x) € A(c), the sieve

{goa—b: (fg.2-g)€ A}
covers b, and for all (f':b' — c¢,2’) € A’'(c) the sieve
{g':a" =V (f'g',2" - g') € A}
covers b'.

One easily verifies that this defines an equivalence relation in presheaves; more-
over, it is bounded, since the site is assumed to have a basis. Its quotient P has
the structure of a sheaf (as we have seen several times, to construct the glueing
one uses the collection axiom to select small collections of representatives from
each equivalence class). One defines the relation € xC X x P on an object ¢ € C
by putting for any = € X(c) and A € Ps(X)(c),

x € |A] <= the sieve {f:d — c: (f,z- f) € A} covers c.
A straightforward verification establishes that this is indeed the power class ob-

ject of X in sheaves. Hence the axiom (PS) is inherited by sheaf models. O

In the coming two subsections we will discuss the collection and fullness
axioms and W-types in sheaf categories.
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4.3 Collection and fullness in sheaves

Theorem 4.10 The collection aziom (A7) is inherited by sheaf models.

Proof. Let F: M—— N be small map and E:Y——M be a cover in sheaves
(i.e. E is locally surjective). Without loss of generality we may assume that K
is of the form i*(k,1): ;B — piA.

If the map @Q: X — m B of presheaves is obtained by pulling back the map i, E
along the component of the unit 1 — 7,i* at m B as in

X ———i,Y

mB —— i*p!B = i*i*mB,

then this map @ also has to be locally surjective. This means that for the
following object in £

C= Z{S € Cov(c): op(b) =cand Vf:d —» ce S3zx € X(d) (Q(z) = (b, )},
beB

the obvious projection sg: C' — B is a cover. Therefore we can apply the collec-
tion axiom in £ to obtain a covering square of the form:

Jx 3)
A

with [ small in £. We wish to apply the collection axiom again. For this purpose,
define the following two objects in &:

Vi = {(weV,fel):if sy(v) = (b,S),then f € S},
W = {(weV,fid—c,xe X(d):if s1(d) = (b, 9),
then f € § and Qq() = (b, f) },
and let s3: W — V' and s2: V' — V be the obvious projections. s3 is a cover

(essentially by definition of C'), and the composite I’ = [ss is small. So we can
apply collection to obtain a covering square in &

S4 83
HW*»V/

J
mJ Jy (4)
1

S

T1



in which m is small. Writing r = ror; and s = s9$1525354, we obtain a com-

muting square
J B
1

T A’
with every j € J determining an element b € B, a sieve S on op(b), an arrow
f €S and an element z € X(dom f) such that Q(z) = (b, f) € mB. Putting
for such an element j € J, p;(j) = dom(f),t; = f,n; = ly o f, and putting
o1(i) = oa(ri) for every i € I, we obtain a square of presheaves:

S

—

(S,t)z
mJ —— mB

(mvn)ll l(ktl)!

WgIWﬂ'!A.

To see that it commutes, we chase an element around the two sides of the dia-
gram and it suffices to do that for an element of the form (4, id). So mr(m,n)i(j,id) =

mr(mg,lyo f) = (rmj,lyo f), and (k, Di(s, )i(4,id) = (k, )(s3, f) = (ksj,lpo f).

We claim that sheafifying the square gives a covering square. Since r is a cover
and p; preserves these, this means that we have to show that the map from
mJ to the pullback of the above square is locally surjective. Lemma 3.5.4
tells us that we may assume that the pullback is of the form m (I x4 B) with
orx,B(i,b) = op(b). The induced map K:mJ——m(I x4 B) sends (j,9) to
((mg,sj), f og), where f is the element in C; determined by j € J as above. To
show that this map is locally surjective, it suffices to prove that every element
((i,b),id) € m(I x4 B) is locally hit by K. The element ¢ € I determines an
element r17 € U, and since (3) is a covering square, we find a v € V with
lv = r1i and sgsy1v = b, hence a covering sieve S on pg(b). Moreover, since
(4) is a covering square, we find for every f € S an element j € J such that
m(j) =14 and s(j) = b. Then K(j,id) = ((i,b), f) = ((i,b),id) - f, which proves
that K is locally surjective.

To complete the proof, we need to show that (s,t),: mJ——m B factors through
Q: X——mB. There is a map (p,q): J—7*X which sends every j € J to
the z € X(dom f) that it determines. Its transpose (p,q) sends (j,id) to
2 € X which in turn is sent by Q to Q(x) = (sj, f) = (s,t)1(j,id). Therefore
(5,0 = Q(p, Q- 0

Theorem 4.11 (Assuming C has pullbacks.) The fullness aziom (F) is inher-
ited by sheaf models.

Proof. In view of Lemma 2.13 and Corollary 4.7, it will suffice to show that
there exists a generic muvs for any map of the form i*(k,1): pyB— pi A, living
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over some object of the form p;X via some map i*(r,s);: pA—s X, with k
and r small.

We first construct the generic mvs P. To this end, define:

Xo = mmX={zeX, fid—ceC):ox(z)=c}

Ay = {(a€ A, fid—cel):ox(ra)=c}

So = {(a€ A, fid— ¢, Se€BCov(f oa(a))): ox(ra)=c}

My = {(a€ A f:d—c,Se€BCov(f oala)),g€S): ox(ra)=c}
By = {(beB,f:d—c,SeBCov(foa(kd)),ge S,helCy:

ox(rkb) = ¢, f*lyoh = g}

(In the definition of Sy and My we have used that any pair consisting of a map
f:d— c € C and element a € A with ox(ra) = ¢ determines a pullback diagram

f*aA(a) e UA(a)

f*sal J/S‘l
C

d !

in C; in the definition of By we have used that any pair consisting of a map
f:d — ¢ € C and element b € B with ox (rkb) = ¢ determines a double pullback
diagram

frop(b) —— opB(b)

T
(

f*UA(kb) —0A kb)

b
f*sk'bl J{Sk

——c
d f

in C.) One easily checks that all the projections in the chain

By Moy So Ao Xo

are small.

For the construction of P, we first build a generic muvs for So— Ay over Xj.
This means we have a cover n: W—— Xy and a small map mg: Z;— W, to-



gether with a generic mvs Py for Sp—— Ag over Z7, as in the diagram

P S1 So

N |

A —— A

| |

ZlT[))WT»XOa

where the rectangles are understood to be pullbacks. Next, we pull By — My —
Sy back along P, — Sy and obtain the diagram

314>B0

| ]

M, —— M,

!

P14)SO.

Then we build a generic muvs for By — M; over Z;. This we obtain over an
object Z via a small map Z—— W’ and a cover W/ — Z;. Without loss of
generality, we may assume that the latter map W’ — Z; is the identity. (Proof:
apply the collection axiom to the small map Z;—— W and the cover W'— Z;
to obtain a small map S—— R covering the morphism Z;——W. Lemma 2.12
tells us that there lives a generic mvs for Sp— Ag over S as well. By another
application of Lemma 2.12, there lives a generic muvs for By — Mj over T, if
T — S is the pullback of Z—— W’ along the map S——W'.) So we may assume
there is a small map my: Z—— 77, such that over Z there is a generic muvs P
for By — Mj, as in the following diagram

P By B, By

\\ My M, My

Z mi1 Z1 mo W n XO,
w

where all the rectangles are supposed to be pullbacks. Note that elements of P,
are 5-tuples of the form (z € Z,b € B, S € BCov(oa(kb)),g € S,h € Cq).

Since Xo = 7*mX, the map n: W — X is of the form (7,t), with 7 and ¢ fitting
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into a square

W%(ﬁ

X —— Co.
ox

Writing v = 7m and ¢ = tm and setting ow (w) = dom(t,) and oz(z) =
ow (mz), we may construct a map mm:mZ — mW, which is small (since m
preserves smallness) and a map (7,t)1: mW — mX which is a cover (by Lemma
3.5.2). The map (v, ¢) is composite of mym with (7, ), and the results of pulling
back (r, s); and (k, 1), along this map, can be computed using Lemma 3.5.5. The
first is Z xx A with ozx, a(z,a) = cioa(a) as in the pullback square

ctoala) —— oa(a)

*
czsaJ( lsa

dom(c,) —— ox(ra)

Cz

in C, and the second is Z x x B with oz, p(2,0) = ciop(b) as in the double
pullback diagram

ctop(b) ——— op(b)

czlbl J{lb

ctoa(kb) — o4 (kD)

"
c, Skbl J{Skb

dom(c;) — — ox(rkb),

also in C. We define a (bounded) subpresheaf P of m(Z x x B) by saying that
an element (z € Z,b € B, f:c — d) € m(Z xx B)(c) belongs to P(c) if

there is a sieve S € BCov(cio4(kb)), amap g € S and amap h € C;
such that (z,b,5, g, h) belongs to P, and f factors through h.

So we have the following commuting diagram of presheaves:

P——m(Z xx B) mB
\ l J{(k,l)z
m(Z Xx A) 7TgA
l J(ﬁs)!
™m (Tat)!
7T!Z 7T1W 7T!X.
——
(v:eh
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By construction, the map P——m(Z x x A) is locally surjective. By sheafifying
the whole diagram, we therefore obtain an mwvs i*P for i*(k,[), over p1Z in the
category of sheaves. The remainder of the proof will show it is generic.

To that purpose, let V— p/WW be a map of sheaves and @ be an mus for i*(k, 1),
over V. Let Y be the pullback in presheaves of V along the map mX — pX
and cover Y using the counit mm*Y — Y. Writing Y = 7*Y, this means we
have a commuting square of presheaves

(67d)!
7T!Y 7T!X
14 W X,

in which the vertical arrows are locally surjective and the top arrow is of the
form (4,d),. Finally, let @ be the pullback of @ along mY — V. This means we
have the following diagram of presheaves:

Q—— m(Y xx B) mB
7Tg(Y Xx A) mA
| [
(T7t)1
7T!Y 7T3W 71'1X, ’
w
(6,d),

where the rectangles are pullbacks, computed, as usual, using Lemma 3.5.5

(so oyxxa(y,a) = djoa(a) and oyx,p(y,b) = d;op(b)). The map @ —
m(Y xx A) is locally surjective, and therefore
@1 = {(y,aq,5€ BCov(dZJA(a))):
Vge STb ek (a)IneCi[(y,bh)€Q and dylyoh=g]l}
= {(y,a,8 € BCov(d;oa(a))):

Vge STb ek (a)3neCi[(y,bh)€Q and (b,dy,S,g,h) € By}
is an mus of Sy — Ag over Y. By the genericity of P; this implies the existence
of a map a1:U; — Z; and a cover $1:U; — Y such that nmoay = (4,d)5:
and of Py < B7Q1 as muss of So — Ag over U;. Next, define the subobject
Q2 C ajB; by saying for any element (uy € Uy,b € B, S € BCov(ca(kb)),g €
S,h S Cl) S Oé’{Bll

(ula b7 S7g7 h) € QQ <~ (lglula b7 h’) € @(dom(h’))

It follows from aj P; < B7Q1 and the definition of @; that Q2 is a small mus of
Bi — M over Uy. Therefore there is a map a: U— Z and a cover (Bo: U—— Uy
such that o182 = mia and a* Py < 35Qa.
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If we put 5 = (3132, then (v, c)a = nmemia = nmyay e = (6,d)S102 = (6,d)0.
Therefore we may write (e,€) = (y,¢)a = (6,d)S and set oy (u) = dom(e,).
Since cqy = dgy = €y for every u € U, we have

oy (u) = dom(cqy) = oz(au) = dom(dg,) = oy (Bu).

Therefore we obtain maps (0, id);: mU — mY and («,id);: mU — mZ such that
(v, e)i(e,id)r = (8,d)1(B,id)1. Lemma 3.5.2 implies that (3,id) is a cover and
therefore the proof will be finished, once we show that («,id); P < (8,id); Q.

To show this, consider an element (v € U,b € B, fic - d €C) € m(U xx B)(c)
for which we have (u,b, f) € («,id){P(c). This means that (au,b, f) € P(c)
and hence that there is a sieve S € BCov(c},,04(kb)), a map g € S and a map
h:e — d € C; such that (au,b,S,g,h) € Py and f factors through h. Since
a*Py < 33Q2, it follows that (Bou,b,S,g,h) € Q2. By definition this means
that (Bu,b,h) € Q(e). Since Q is a presheaf, also (Bu,b, f) € Q(c) and hence

(u,b, f) € (8,id)Q(c). This completes the proof. O

4.4 W-types in sheaves

In this final subsection, we show that the axiom (WE) is inherited by sheaf
models. It turns out that the construction of W-types in categories of sheaves
is considerably more involved than in the presheaf case (in [9] we showed that
some of the complications can be avoided if the metatheory includes the axiom
of choice). We then go on to show that the axiom (WS) is inherited as well, if
we assume the axiom of multiple choice.

Remark 4.12 In [24] the authors claimed that W-types in categories of sheaves
are computed as in presheaves (Proposition 5.7 in loc.cit.) and can therefore be
described in the same (relatively easy) way. But, unfortunately, this claim is
incorrect, as the following counterexample shows. Let F:1 — 1 be the identity
map on the terminal object. The W-type associated to F is the initial object,
which, in general, is different in categories of presheaves and sheaves. (This was
noticed by Peter Lumsdaine together with the first author.)

We fix a small map F:Y — X of sheaves. If x € X(a) and S is a covering
sieve on a, then we put

V5= {(f:b—acSycY(®b): Fly) =z f}.

Observe that Y7 is small and write v for the obvious projection

¥ Z VS — X x¢, Cov.
(S,x)
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Let ¥ = Py o P} and let V be its initial algebra (see Theorem 2.10). Elements
v of V are therefore of the form sup(, , gyt with (a,z,5) € X x¢, Cov and

t:YS — PFV. We will think of such an element v as a labelled well-founded
tree, with a root labelled with (a,z,S). To this root is attached, for every
(f,y) € Y, and w € t(f,y), the tree w with an edge labelled with (f,y). To
simplify the notation, we will denote by v(f,y) the small collection of all trees
that are attached to the root of v with an edge that has the label (f,y).

We now wish to define a presheaf structure on V. We say that a tree v € V
is rooted at an object a in C, if its root has a label whose first component is a.
If v = sup(, 4,4t is rooted at @ and f:b — a is a map in C, then we can define
a tree v - f rooted at b, as follows:

v =S g s £

with
(" )(g,y) = t(fg,v)-
This clearly gives V the structure of a presheaf. Note that

(U ' f)(gvy) = U(fg,y)

Next, we define by transfinite recursion a relation on V:

v~v & if the root of v is labelled with (a, z,.S) and the root

of v' with (a’,2',5), then a = o/, x = 2’ and there
is a covering sieve R C S NS’ such that for every
(f,y) € Y.} we have v(f,y) ~ v'(f,y).

Here, the formula v(f,y) ~ v'(f,y) is supposed to mean
Vm € v(f,y),n € V'(f,y): m ~n.
In general, we will write M ~ N for small subobjects M and N of V to mean
Vme MneN:m~n.
In a similar vein, we will write for such a subobject M,
M-f={m-f:meM}.

That the relation ~ is indeed definable can be shown by the methods of [7] or
[8]. By transfinite induction one can show that ~ is symmetric and transitive,
and compatible with the presheaf structure (v ~w = v- f ~w- f).

Next, we define composability and naturality of trees (as we did in the
presheaf case, see Theorem 3.3).

e A tree v € V whose root is labelled with (a,x, S) is composable, if for any
(f:b—a,y) € Y,” and w € v(f,y), the tree w is rooted at b.
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e A tree v € V whose root is labelled with (a,z,S) is natural, if it is com-
posable and for any (f:b — a,y) € Y,” and g:c — b,

v(f,y)-g~v(fg,y-9)

One can show that if v is natural, and v ~ w, then also w is natural; moreover,
natural trees are stable under restriction. The same applies to the trees that
are hereditarily natural (i.e. not only are they themselves natural, but the same
is true for all their subtrees).

We shall write W for the object consisting of those trees that are hereditarily
natural. The relation ~ defines an equivalence on W, for if a tree v = sup(, , g
is natural, then for all (f,y) € Y,” one has v(f,y) -id ~ v(f - id,y - id), that
is, v(f,y) ~ v(f,y), and therefore v ~ v. By induction one proves that the
equivalence relation ~ on W is bounded and hence a quotient exists. We denote
it by W. It follows from what we have said that the quotient W is a presheaf,
but more is true: one can actually show that W is a sheaf and, indeed, the
W-type associated to F' in sheaves.

Lemma 4.13 Let w,w’ € W be rooted at a € C. If T is a sieve covering a and
w-f~w'-f foral feT, thenw~w'. In other words, VWV is separated.

Proof. If the label of the root of w is of the form (a,z,S) and that of w’ is of
the form (a,z’,5’), then w - f ~ w' - f implies that x - f =2’ - f for all f € T.
As X is separated, it follows that z = 2.

Consider
R = {gb—ac(SNS):V(hy) €Y [w(gh,y) ~w(gh,y)]}.

R is a sieve, and the statement of the lemma will follow once we have shown
that it is covering.

Fix an element f € T. That w- f ~ w' - f holds means that there is a
covering sieve Ry C f*S N f*S" such that for every (k,y) € Yff we have
w(fk,y) = (w- f)(k,y) ~ (W' - f)(k,y) =w'(fk,y). In other words, Ry C f*R.
So R is a covering sieve by local character. (I

Lemma 4.14 W is a sheaf.

Proof. Let S be a covering sieve on a and suppose we have a compatible family
of elements (wy € W)seg. Using the collection axiom, we know that there must
be a span

S

-
fi

W

—
=W,

J
J
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with J small and [w;] = wy, for all j € J. Every wj is of form sup(,, .. )t
If f; = fjs, then w; ~ wys, so x; = x;s. Thus the z; form a compatible family
and, since X is a sheaf, can be glued together to obtain an element x € X (a).
We claim that the desired glueing is [w], where w = sup, , gyt € V is defined
by:

R = {fjg:j€Jge R},
tthyy) = J{ti(9,): fi9=h}
jed

For this to make sense, we first need to show that w € W, i.e., that w is
hereditarily natural. In order to do this, we prove the following claim.

Claim. Assume we are given (h,y) € Y., with h = f;g for some j € J. Then

w(h,y) ~w;(g,y).

Proof. Since

w(h,y) = |J {wy (¢ 9): frrg' = n},

j'ed
it suffices to show that w;(g,y) ~ w; (¢',y) if h = fj ¢
By compatibility of the family (w; € W) es we know that w; - g ~ wjr - ¢’ €
W(c). This means that there is a covering sieve T' C ¢*R; N (¢')* R, such that
for all (k,2) € Y,2,, we have (w; - g)(k,z) ~ (w; - ¢')(k,2). So if k:d — c € T,
then

wi(g,y) -k~ wi(gk,y-k)
= (wj-9)(k,y-k)
~ (wy-g')(k,y - k)
= wj(g'k,y-k)
~ wi(g,y) k.

Because W is separated (as was shown in Lemma 4.13), it follows that w;(g,y) ~
w;s(g’,y). This proves the claim. O

Any subtree of w is a subtree of some w; and therefore natural. Hence we only
need to prove of w itself that it is composable and natural. Direct inspection
shows that the tree that we have constructed is composable. For verifying that
w is also natural, let (h:c — a,y) € Y, and k:d — c. Since h € R, there are
j € J and g € R; such that h = f;g. Then

w(h,y) -k~ w;(g,y) -k~ w;i(gh,y- k) ~whk,y - k),
by using naturality of w; and the claim (twice).

It remains to show that [w] is a glueing of all the wy, i.e., that w - f; ~ w; for
all j € J. Solet j € J. First of all, = - f; = x;, by construction. Secondly, for
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every g:c — b € R; = (R; N ffR) and y € Y(c) such that F(y) = = - f;g, we
have
(w- f5)(9,9) = w(fg,y) ~ w;i(g,y).

This completes the proof. O

Lemma 4.15 W is a Pr-algebra.

Proof. We @e to describe a natural transformation S: PrW — W. An
element of PrWW(a) is a pair (z,t) consisting of an element x € X(a) together
with a natural transformation G:Y,M« — WW. Using collection, there is a map

Y Mo L prW (5)

such that [w] = G(y, f), for all (f,y) € VM« and w € t(f,y). We define S,G to
be
[Sup(a,m,Ma)t]'

One now needs to check that w is hereditarily natural. And then another ver-
ification is needed to check that [w] does not depend on the choice of the map
in (5). Finally, one needs to check the naturality of S. These verifications are
all relatively straightforward and similar to some of the earlier calculations, and
therefore we leave all of them to the reader. O

Lemma 4.16 W is the initial Pp-algebra.

Proof. We will show that S: PrW¥ — W is monic and that W has no proper
Pp-subalgebras; it will then follow from Theorem 26 of [7] (or Theorem 6.13 in
[8]) that W is the W-type of F.

We first show that S is monic. So let (x,G), (z',G’') € PrX(a) be such that
S,G = S,G' € W. It follows that 2 = 2’ and that there is a covering sieve S
on a such that for all (h,y) € Y,°, we have G(h,y) = G'(h, y). We need to show
that G = G’, so let (f,y) € Y, M« be arbitrary. For every g € f*S, we have:

G(f,y) 9=GCG(fg,y 9) =G (fg.y-9)=GC'(f9)- 9.
Since f*S is covering, it follows that G(f,y) = G'(f,y), as desired.

The fact that YV has no proper Pp-subalgebras is a consequence of the inductive
properties of V (recall that V' is an initial algebra). Let A be a sheaf and Pp-
subalgebra of WW. We claim that

B = {veV:if v is hereditarily natural, then [v] € A}
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is a subalgebra of V. Proof: Suppose v is a tree that is hereditarily natural.
Assume moreover that v = sup, , )t and for all (f,y) € Y7 and w € t(f,y),
we know that [w] € A. Our aim is to show that [v] € A.

For the moment fix an element f:b — a € S. Since v - f has a root labelled
by (b,z - f, Mp) and (v - f)(g,y) = v(fg,y) for all (g,y) € Yx%b, we have that
[v] - f = S;.5G, where G(g,y) = [v(fg,y)] € A. Because A is a Pr-subalgebra
of W this implies that [v] - f € A. Since this holds for every f € S, while S is a

covering sieve and A is a subsheaf of W, we obtain that [v] € A, as desired.

We conclude that B =V and hence A = M. This completes the proof. Il

To wrap up:
Theorem 4.17 The aziom (WE) is inherited by sheaf models.

We believe that one has to make additional assumptions on ones predicative
category with small maps (€,S) to show that the axiom (WS) is inherited by
sheaf models (the argument above does not establish this, the problem being
that the initial algebra V will be large, even when the codomain of the map
F:Y — X we have computed the W-type of is small). We will now show
that this problem can be circumvented if we assume that the axiom of multiple
choice (AMC) holds in . Tt is quite likely that one can also solve this problem
by using Aczel’s Regular Extension Axiom: it implies the axiom (WS) and is
claimed to be stable under sheaf extensions (but, as far as we are aware, no
proof of that claim has been published).

Theorem 4.18 The aziom (AMC) is inherited by sheaf models.

Proof. This was proved in Section 10 of [25]. O

Theorem 4.19 (Assuming that (AMC) holds in £.) The axiom (WS) is
inherited by sheaf models.

Proof. We will continue to use the notation from the proof of the previous
theorem. So, again, we assume we have a small map F:Y — X of sheaves.
Moreover, we let 1) be the map in & and ¥ be the endofunctor on £ defined
above, we let V be its initial algebra and ~ be the symmetric and transitive
relation we defined on V, and W the W-type associated to F, obtained by
quotienting the hereditarily natural elements in }V by ~.
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Assume that X is a small sheaf. Since (AMC) holds in &, it is the case that,
internally in £/Cy, the map v fits into a collection square as shown

D *q> Z(S,ZE) YLES

J [+

C — X x¢, Cov,

in which all objects and maps are small in £/Cy. The W-type U = W, in £/Cy
is small in £/Cy, because we are assuming that (WS) holds in € (and hence
also in £/Cy). The idea is to use this to show that W is small as well.

Every element u = sup,s € U determines an element in ¢(u) € V as follows:
first compute p(c) = (a, x,S). Then let for every (y, f) € Y,® the element t(y, f)
be defined by

ty, f) ={(pos)(d):deq ' (y, 1)}

Then ¢(u) = sup(,,s)t (s0 this is an inductive definition). We claim that for
every hereditarily natural tree v € W there is an element u € U such that
v ~ (u). The desired result follows readily from this claim.

We prove the claim by induction: so let v = sup(, , )t be a hereditarily natural
element of V and assume the claim holds for all subtrees of v. Since all subtrees
of v are hereditarily natural as well, this means that for every (y, f) € Y,* and
w € t(y, f) there is an element v € U such that ¢(u) = w. From the fact that
the square above is a collection square, it follows that there is a ¢ € C' with
p(c) = (a,z,S) together with two functions: first one picking for every d € D,
an element r(d) € t(y, f) (because t(y, f) is non-empty) and a second one pick-
ing for every d € D an element s(d) € U such that ¢(s(d)) ~ r(d). It is not
hard to see that v ~ (sup,s), using that v is natural and therefore all elements
in t(y, f) are equivalent to each other. O

This completes the proof of our main result, Theorem 2.18.

5 Sheaf models of constructive set theory

Our main result Theorem 2.18 in combination with Theorem 2.8 yields the
existence of sheaf models for CZF and IZF (see Corollary 2.19). For the sake
of completeness and in order to allow a comparison with classical forcing, we
describe this model in concrete terms. We will not present verifications of the
correctness of our descriptions, because they could in principle be obtained by
unwinding the existence proofs, and other descriptions which differ only slightly
from what we present here can already be found in the literature.

To construct the initial Ps-algebra in a category of internal presheaves over
a predicative category with small maps (£,S), let W be the initial algebra of
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the endofunctor ® = P,,q0Ps on & (see Theorem 2.10). Elements of w € W are
therefore of the form sup,t, with ¢ € Cy and ¢ a function from {f € C;: cod(f) =
¢} to PsW. We think of such an element w as a well-founded tree, where the
root is labelled with ¢ and for every v € t(f), the tree v is connected to the
root of w with an edge labelled with f. The object W carries the structure of a
presheaf, with W(c) consisting of trees whose root is labelled with ¢, and with
a restriction operation defined by putting for any w = sup_.t and f:d — c,

w- f=supyt(fo—).

The initial Ps-algebra V in the category of presheaves is constructed from
W by selecting those trees that are hereditarily composable and natural:

o A tree w = sup,(t) € W is composable, if for any f:d — ¢ and v € t(f),
the tree v has a root labelled with d.

o A tree w = sup,(t) € W is natural, if it is composable and for any f:d — ¢,
g:e — dand v € t(f), we have v- g € t(fg).

The Ps-algebra structure, or, equivalently, the membership relation on V, is
given by the formula (z,sup,t € V)

x € supt <= x € t(id,).

The easiest way to prove the correctness of the description we gave is by appeal-
ing to Theorem 1.1 from [22] (or Theorem 7.3 from [8]). This model was first
presented in the paper [15] by Gambino, based on unpublished work by Dana
Scott.

The initial Ps-algebra in categories of internal sheaves is obtained as a quo-
tient of this object V. Roughly speaking, we quotient by bisimulation in a way
which reflects the semantics of a category of sheaves. More precisely, we take V
as defined above and we write: sup,t ~ sup,t’ if for all f:d — ¢ and v € t(f),
the sieve

{gre—d: I €t'(fg)(v-g~1')}
covers d and for all f':d — c and v' € t/(f’), the sieve
{gie—d:et(flg) (v -g~v)}
covers d. On the quotient the membership relation is defined by:
[v] € [sup,t] <= the sieve {f:d — c¢: ' € t(f)(v-g~v")} covers c.

To see that this is correct, one should verify that ~ defines a bounded equiva-
lence relation and the quotient is a sheaf. Then one proves that it is the initial
Ps-algebra by appealing to Theorem 1.1 from [22] (or Theorem 7.3 from [8]).
The reader who wishes to see more details, should consult [29].
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Remark 5.1 It should be clear that the above is a generalisation of classical
forcing (as in [23], for example). Any poset P determines a site, by declaring
that S covers p whenever S is dense below p. In this case, the elements of V
are a particular kind of names (as they are traditionally called). One could
regard composability and naturality as saturation properties of names (so that,
in effect, we only consider nice, saturated names). It is not too hard to show that
every name (in the usual sense) is equal in a forcing model to such a saturated
name, so that the models that we have constructed are not different from the
forcing models considered in (classical) set theory.
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