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Abstract
Serial Analysis of Gene Expression (SAGE) is a technology for measuring
quantitatively the expression levels of all genes in a cell population simultaneously. In this thesis, I study what we could not learn, what we could
learn, and how to learn what we could learn, from SAGE data.
The first chapter of this thesis is a short introduction of the SAGE technology and another popular technology for measuring gene expression levels
— the microarray technology. In the second chapter I show that, because
all the current technologies can only measure the summed expression levels
of genes from an aggregate of cells, in principle, we cannot learn the conditional independence relations among the expression levels of the genes in
a single cell. Furthermore, the number of experiments required to estimate
the correlation matrix of the gene expression levels is also too large to be
feasible. The only feature of the expression levels of the genes we can learn
reliably in practice is their expectations. Hence no algorithm of learning the
gene regulatory network based on the conditional independence relations or
the partial correlations among the expression levels of the genes could work
with the data generated by the current technologies.
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ABSTRACT
Chapter 3 is a study of a new sampling scheme — the sampling, ampli-

fication, and resampling (SAR) scheme — which is an abstraction of several
key steps of the SAGE protocol. I present, in chapter 3, the asymptotic
distribution of the data generated through the SAR scheme. In chapter 4, I
explore several ways of learning from SAGE data. I shall first derive a statistical model for SAGE data based on the results of the chapter 3, then show
how we can, based on SAGE data, test for differentially expressed genes,
search for housekeeping genes, cluster genes according to their expression
level patterns, and identify marker genes for a group of cell populations.
Computer programs for the analysis of SAGE data are also developed based
on the results of chapter 4, and used to analyze some real data. Chapter 5
briefly summarizes this thesis.
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Chapter 1

Introduction
The past few years have seen the development of many new technologies for
the measurement of gene expression levels, such as microarray and SAGE
(Serial Analysis of Gene Expression). These technologies make it possible,
for the first time, to measure the expression levels of the thousands of genes
in a whole genome simultaneously. In this thesis, I explore what we can,
what we cannot, and how to, learn from the gene expression level data
generated by the SAGE technology. Some of the results presented in this
thesis can be applied not only to the study of the SAGE data, but also to
the analysis of the data generated by other technologies.
In this chapter, I shall give a short description of the microarray and
SAGE technologies.

Microarray technology
Microarray technology is also called gene chip technology, because the key
instrument in a microarray experiment is the microarray chip. Here I de1
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scribe one type of microarray chip. To fabricate a Microarray chip, thousands of types of DNAs with known sequences are spotted to a specially
treated glass or nylon surface by high speed robots, and then immobilized.
Each spot contains only one type of DNA, usually a 500-5000 base long
fragment of a known gene or a promoter region of some known gene. To
compare the expression levels of the genes in two cell populations, we first
need a microarray chip containing the DNA fragments of the genes of interest. The mRNA transcripts are then extracted from the two cell populations,
reverse-transcribed into cDNA, and labeled with red and green fluorescent
dyes (Cy3 and Cy5). The two pools of labeled cDNA are mixed together.
Ideally, the mixture should contain equal amount of cDNA from each cell
population. In practice, though, this is not always the case. The mixture
is then deposited to each spot of the microarray. The cDNA that match
the DNA in a spot, i.e., with complementary sequences, will hybridize to
that spot, and the unhybridized cDNA will be washed away. The amount
of cDNA generated from the two cell populations hybridized to each spot
can be measured by scanning the spot and reading off the intensities of the
red and green fluorescent signals. The relative abundance of the cDNA for a
certain gene will tell the relative abundance of the mRNA transcripts of that
gene in the two cell populations. (For more information about microarray
technology and its applications, see http://www.gene-chips.com/.)
The microarray technology is relatively cheap and very fast — a microarray experiment can be done within a few hours. There have been a lot of
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studies on the analysis of microarray data in the past few years. Some have
focused on the estimation of the gene expression levels and the identification
of differentially expressed genes (Chen et al 1997, Duoit et al , 2000, Yang
et al 2000, Tusher et al 2001), some on the clustering of the genes based on
the gene expression level patterns (Eisen et al 1998, D’haeseleer et al 2000,
Bar-Joseph et al 2001), some on the inference of gene regulatory networks
based on the data generated from disturbed or undisturbed cell populations
(Liang et al 1998, D’haeseleer 2000, Friedman et al 2000, Ideker et al 2001,
Spirtes et al 2001, Yoo et al 2002).

SAGE technology
The SAGE technology (Velculescu et al 1995) is based on a common practice
in the study of molecular genetics — identifying a gene by an expression
sequence tag (EST), i.e., a short fragment of that gene. By sequencing
a segment of the gene, and comparing it with the library of the known
ESTs, we could figure out from which gene the EST is read off. However,
this practice was used only for the study of the expression levels of a few
genes, because the length of an EST usually is in the range of 100-300, and
sequencing many long ESTs could be very expensive. The innovation of the
SAGE technology is that, instead of sequencing the relatively long ESTs, it
uses short 10-12 base long tags to identify the genes.
In the beginning of a SAGE experiment, a collection of mRNA transcripts is extracted from a sample of cells, e.g., a tissue sample, using some
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standard methods. Then cDNA clones are synthesized from the mRNA
transcripts. Each cDNA clone is cut at specific sites by some anchoring
enzyme, such as NlaIII. The 3’ ends of the resulting cDNA fragments are
bound to magnetic beads, divided into two parts, and then ligated with two
types of linkers respectively. The tags are released from the magnetic beads
by tagging enzyme, blunt-ended, and ligated to form ditags. These ditags
are amplified by the PCR procedure, purified, and then linked together to
form concatemers. The concatemer of certain lengths are isolated, and then
cloned and sequenced. The counts of various tags can be read off from the
sequencing data. (Velculescu et al 2000).
The result of a SAGE experiment, called a SAGE library, is a list of
counts of the sequenced tags. Thus, strictly speaking, a SAGE experiment
only measures, in some sense, the expression levels of the tags. To get the
gene expression levels from a SAGE library, we need a map from the tags
to the genes. Ideally, we would like to have a bijection from the tags to the
genes. However, in reality, a tag may correspond to more than one gene,
and a gene may generate more than one tag. This means, in some cases,
that the difference in the relative frequencies of a tag in two tissues may
only imply that at least one of the genes mapped to this tag is differentially
expressed. Fortunately, there are a large number of tags each of which
is mapped to only one gene, and a large number of genes each of which is
mapped to only one tag. (For more information about the SAGE technology,
see the web-site of National Center for Biotechnology Information (NCBI):
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http://www.ncbi.nlm.nih.gov/SAGE/).
The SAGE technology is more expensive and slower than the microarray technology, and probably because of this, it is not as well-studied as
the microarray technology. However, it does have two distinct advantages.
First, the results of the SAGE experiments are portable, in the sense that
we can compare directly the results from two SAGE experiments. For example, given any two SAGE libraries, regardless of whether they are generated
by the same or different labs at the same or different times, we can always
compare whether a gene is differentially expressed in the two tissues where
the two SAGE libraries are generated from by comparing the relative frequencies of the tag representing that gene in the two libraries. This is not
true, however, for microarray technology. Indeed, to account for the chip to
chip variation, dye to dye variation, and other variations introduced in the
microarray experiments, often sophisticated experiment design is needed in
microarray experiments (Kerr et al 2001a, Kerr et al 2001b, Yang & Speed
2002).
Another distinct advantage of the SAGE technology is that we do have
a better understanding of the process that generates a SAGE library. As
shown in chapter 4, we can find, for each step of the SAGE protocol, an
accurate statistical model. Moreover, because the SAGE results are essentially the counting of the genes in the sample cells, the general statistical
model for the SAGE results are much simpler than that for the microarray
results. Therefore, a careful study of the SAGE data could shed light on
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what we can, and cannot, learn from gene expression level data.
In this thesis, I focus my study on the gene expression level data generated by the SAGE technology. In the second chapter of this thesis, I discuss
the implication of the fact the current technologies, including SAGE and
microarray, can only measure the summed expression levels of the genes
from a large aggregate of cells. I show that, first, in general, the conditional
independence relations among the expression levels of the genes in a single
cell are not the same as the conditional independence relations among the
summed expression levels of genes from an aggregate of cells. Indeed, in
most cases, where the summed gene expression levels are measured from a
large number of cells, it can be shown that the conditional independence relations among the summed gene expression levels are essentially determined
by the correlation matrix among the gene expression levels, regardless of
the conditional independence relations among the expression levels of the
genes in an individual cell. Therefore, in principal, we cannot learn the
conditional independence relations among the expression levels of the genes
in a single cell from the gene expression level data generated by the SAGE
or the microarray technology, unless we make the biologically implausible
assumption that the gene expression levels can be approximated by a linear
Gaussian model. Furthermore, even if we assume that the gene expression
levels follow roughly the linear Gaussian Model, at least for the SAGE data,
the number of experiments required to estimate the correlation matrix of
the gene expression levels is too large to be feasible. This suggests that any
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algorithm for learning the gene regulatory network based on the conditional
independence relations among the expression levels of the genes would not
work with the data generated by the current technologies.
In the third chapter of this thesis I discuss a new sampling scheme —
the sampling, amplification, and resampling (SAR) scheme. To generate a
sample according to the SAR scheme, we need first to get an original sample,
then each element of the original sample is amplified independently and
identically by a random folder. The final sample is drawn with or without
replacement from the amplified sample. This scheme is an abstraction of
three keys steps of a typical SAGE experiment. The main result of Chapter
3 is the derivation of the asymptotic distribution of the data generated
by the SAR sampling scheme. During the derivation of the asymptotic
distribution of the SAR sample, I also prove some other theorems, including
the theorem about the asymptotic distribution of the ratio of two sums of iid
sequences, and the theorem about the convergence of marginal distributions
given the convergence of conditional distributions. The result of Chapter 3
provides the theoretical foundation for the analysis of SAGE data in Chapter
4. Readers who are mainly interested in the practical analysis of the SAGE
data can skip this chapter and go directly to Chapter 4.
Based on the results of Chapter 3, and a close examination of the SAGE
protocol, in Chapter 4, I propose a new statistical model for the SAGE gene
expression level data. While two critical parameters for the new model are
missing, it can be shown that, in many cases, the multinomial model can
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be used to approximate the new model of the SAGE data. Therefore, many
technologies designed for the analysis of multinomial data can be used to analyze the SAGE data. For example, the test of association in a two way table
can be used to test whether a set of genes are differentially expressed over
a set of cell populations. I also examine the concept of housekeeping gene,
propose several alternative rigorous definitions of housekeeping gene based
on different levels of statistical constraints, and present the corresponding
algorithms for the search of housekeeping genes for the SAGE gene expression level data. Another application of the statistical model for the SAGE
data is the clustering of genes based on the SAGE gene expression level
data. I consider several different approached of gene clustering algorithm,
and suggest two new algorithms that take into account the fact that the
SAGE data follow approximately the multinomial distributions. Finally, I
study marker genes, i.e., genes that express roughly one way in one family
of cell populations, and a different way in another family of cell populations.
I propose a rigorous statistical definition of marker genes, and give an algorithm for searching for the marker genes from the SAGE data generated
from two families of cell populations. The algorithms are implemented in
C, Java, and Splus, and are used to analyze some SAGE data.
Chapter 5 concludes the thesis with a short discussion about what we
could do possibly in the future to discover gene regulatory networks.

Chapter 2

The problem of aggregation
The inference of causal information from purely observed data has been
an active field of study in the past decade. Combining statistics, graph
theory, and computer science, various algorithms for making causal inferences from observational data have been proposed, analyzed, and applied to
solve real world problems (Spirtes et al 2001, Pearl 2000). This technique
seems promising for the task of deriving the gene regulatory networks from
the large collection of gene expression data set generated using microarray, SAGE, and other technologies. Indeed, there have already been some
publications about using causal inference techniques to infer gene regulatory network from gene expression data (Akutsu, 1998; D’hasseleer, 2000;
D’hasseleer, et al., 2000; Friedman, 2000; Hartemink, 2001; Liang, et al.,
1998; Shrager, et al., 2002). The basic idea is to get the expression levels in
repeated samples from the same cell population, or similar cell populations,
possibly in the form of time series data, and to infer the regulatory structure
from the statistical dependencies and independencies among the measured
9
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expression levels.
The apparent advantage of this approach is that it offers the possibility of
determining multiple relationships without separate experimental interventions. That is, in principle, we could figure out the gene regulatory network
just by observing the expression levels of the genes, without conducting
elaborate experiments to interfere with the regulatory network in various
ways and checking how the gene expression levels react to the experimental
interference. If, for example, gene A regulates gene C only by regulating
gene B which in turn regulates C, the expression level of A should be independent, or nearly independent, of the expression level of gene C conditional
on the expression level of gene B. In principle, if adequate sample sizes were
available, the method could also be used as a supplement to gain additional
information from experiments in which the expression of particular genes are
experimentally suppressed or enhanced. The requisite statistical procedures
for this strategy are more elaborate, and require direct or indirect (e.g.,
implicit in the posterior probabilities) estimates of conditional probability
relationships among expression levels.
However, there are many statistical obstacles to the causal inference approach of deriving gene regulatory network from the gene expression level
data. They include the joint influence of unmeasured factors (e.g., unmeasured gene expressions or extra-cellular factors), a variety of sources of measurement error, an unknown family of probability distributions governing
the errors, the presence of cycles in the regulatory network, etc. Some of
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these difficulties—in particular the presence of latent common causes and
cycles—have, in principle, been overcome. (Spirtes, et al, 2001). However,
as we are going to see in this chapter, there is a more elementary statistical
difficulty with the causal inference approach that calls its value into question and raises a set of important research problems. This difficulty arises
from the fact that the gene expression level data obtainable by the current
technologies are all measurement of the aggregate of the mRNA transcripts
from a large number of cells.

The next section is a short introduction of the basic ideas of causal
inference. In section 2, I show that, except for some special cases, the
conditional independence relations among the aggregates of genes from a
number of cell in general are not the same as the conditional independence
relations among the genes in a single cell. I then study the conditional
independence relations among the aggregates of genes from a large number
of cells, as well as the difficulty in detecting these relations. The conclusion of
this chapter is that, in principle, we can only learn from the gene expression
data both the variances and the means of the gene expression levels. In
practice, however, we probably can only learn the means reliably. The proofs
of the theorems presented in this chapter are given in the appendix to this
chapter.
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2.1

Causal graph and gene regulatory network

A directed graph consists of a set of vertices, and a set of directed edges
connecting pairs of vertices. If there is an edge coming out of vertex X
and ending at vertex Y , X is called a parent of Y , and Y a child of X.
If in a directed graph, the edges cannot form any directed cycle, then the
graph is called directed acyclic graph (DAG). DAG provides an intuitive
representation of the causal relations among a set of random variables: Each
vertex in the graph represents a random variable, and a variable X is a direct
cause of variable Y if and only if X is a parent of Y , i.e., there is a direct
edge from X to Y in the graph. A DAG with causal interpretation is called
a causal graph.
A causal model consists of a causal graph, and, for each variable in the
graph, the conditional distribution of this variable given all of its parents.
Usually, the conditional distribution of a variable is expressed as a function
of all of its parents and an independent error terms. For example, for the
variables in Figure 2.1, we could specify the following functional relations:

Z = f (Y, W ) + z
Y

= g(X) + y

W

= h(X) + w

(2.1)

Where f , g, h are any functions and z , y , w are independently dis-
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Y

X

Z
W
Figure 2.1: A simple causal graph

tributed noises. It follows that the joint probability density of Z, Y , W , X
admits a Markov factorization

d(X, Y, Z, W ) = d(Z|Y, W )d(Y |X)d(W |X)d(X)

(2.2)

The Markov factorization implies that Y , W are independent conditional
on X, and that X, Z are independent conditional on Y , W , and is in fact
equivalent to specifying that these two relationships hold. More generally,
in a causal model, the following condition will be satisfied:
Markov Condition: Consider a causal model G. Let X be a variable
in G, Y be the set of parents of X in G, and Z a set of variables that are
neither parents nor descendents of X. Then conditional on Y , X and Z
are independent.
The Markov condition is a sufficient condition for conditional independence relation in the sense that a conditional independence relation pre-
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X

Y

Z
Figure 2.2: Is X and Z independent?

dicted by the Markov condition must be observed. However, it is possible
that in a causal model some observed conditional independence relations
are not predicted by the Markov condition. For example, suppose we have
three random variables X, Y , and Z, as shown in figure 2.2. Their functional
relationships are given as:

X, Y , Z ∼ N (0, 1)
Y = aX + Y
Z = bX + cY + Z
The Markov condition does not predict that X and Z are independent,
and indeed X and Z will be dependent as long as b + ac 6= 0. However,
in the case where b + ac = 0, X and Z becomes independent. This would
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be a problem if we want to infer the causal relations from the conditional
independence relations. Fortunately, it can be shown that, at least for the
most familiar types of causal models, i.e., the structural equation model and
the Bayes network model, the set of values of the parameters that lead to
conditional independence relations not predicted by the causal graph has
Lebesgue measure 0. This seems to justify the following condition:
Faithfulness Condition: Let X, Y , Z be three disjunct sets of variables in a causal model G. Then X and Y are independent given Z only if
this is implied by the Markov condition.

1

The Markov and the faithfulness conditions establish a close relation
between causation and conditional independence. Under the Markov and
the faithfulness conditions, each causal graph uniquely specifies a set of
conditional independence relations. It is possible that different causal graphs
may specify the same set of conditional independence relations. In this
case, we call these causal graphs Markov equivalent, and the set of all these
graphs constitute a Markov equivalent class. In the example of figure 2.1,
the Markov equivalence class consists of the graph shown and the graphs
obtained by reorienting exactly one of the edges from X to Y or X to W .
Absent extra knowledge from other sources, the Markov equivalence class
represents the most information that could be obtained from conditional independencies among the variables. Several search algorithms have been de1
For more discussion about the faithfulness condition and its implication, see Robins
et al (2000).
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veloped to output a graphical representation of the Markov equivalent class
based on the conditional independence relations observed in a population.
Further studies have been focused on the causal inference with the presence of unobserved variables that are parents of pairs of observed variables.
Algorithms, such as FCI, have been developed to infer common causal patterns from populations sharing same set of conditional independence relations among observed variables. Moreover, causal inference from the population where there is feedback are also studied (Richardson, 1996)
To represent gene regulatory networks with causal graphs, each variable
in the causal graph will be the level of expression of a particular gene. A
directed edge from one variable X to another variable Y in such a graph
indicates that gene X produces a protein that regulates gene Y . It is well
known that the gene regulatory networks contain self-loops and cycles, i.e.,
some gene may regulate itself either directly, or through some other genes.
In principle, this type of regulatory networks could be represented by cyclic
causal graphs. However, most proposed search methods have been confined
to acyclic graphs, hence, for simplicity, one usually assumes the regulatory
network could be represented by an acyclic graph with noises and random
measurement errors for each measurement of each gene that are independent
of those for any other gene. This simplification becomes unnecessary when
data are obtained in a time series, because here the regulatory relationships
can be represented by a directed acyclic causal graph, but with vertices
appropriately labeled by gene and time.

2.2. CONDITIONAL INDEPENDENCE UNDER AGGREGATION

Fhl1

RPL
2B

Fap1

RPL
16A
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Yap1

RPS
21B

RPS
22A

Figure 2.3: A yeast gene regulatory network

Figure 2.3 shows a yeast gene regulatory network represented by a directed acyclic graph (Lee et al 2002).

2.2

Conditional independence under aggregation2

Our goal is to discover the regulatory structure in individual cells from the
gene expression level data. To achieve this goal, we need the measurements
of the gene expression levels for many single cells. For example, suppose
figure 2.1 represents a true regulatory network. To infer this network, we
need to collect a number of cells, and for each cell, measure the expression
levels of genes X, Y , Z, and W . Let the number of cells be n, and the
expression levels of X, Y , Z, and W in the ith cell be Xi , Yi , Zi , and Wi .
We should get a sample of size n, where each data point is a 4-dimensional
2

This section is based on a joint work with Glymour, Scheines, and Spirtes.
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vector representing the expression levels of the 4 genes in a single cell. Then
we could apply various algorithms to this data set to infer the regulatory
network.
However, the gene expression data we could get using today’s technology
are measurements of mRNA transcripts obtained from thousands, or even
millions, of cells. Such measurements are not of variables such as X, Y , Z,
and W in figure 2.1, but are instead, ideally, of the sums of the values of
X, Y , Z, and W over many cells. That is, for each measurement, we get a
single data point, which is not a 4-dimensional vector (Xi , Yi , Zi , Wi ) for
P
P
P
P
some i, but the vector ( ni=1 Xi , ni=1 Yi , ni=1 Zi , ni=1 Wi ).

This proves to be a problem for the causal inference approach for dis-

covering regulatory structures, which relies on the statistical dependencies among the gene expression levels, because the conditional dependencies/independencies among the gene expression levels of a single cell in general are not the same as those among the summed gene expression levels
over a number of cells. In other words, the conditional independence relations do not preserve under aggregation. For example, if the variables in
figure 2.1 are binary, and each measurement is of the aggregate of transcript
P
P
concentrations from two or more cells, ni=1 Xi , ni=1 Zi are not indepenP
P
dent conditional on ni=1 Yi , ni=1 Wi , and the associations obtained from

repeated samples will not therefore satisfy the Markov factorization implied
by the graph in figure 2.1 (Danks and Glymour, 2001).
A graphical heuristic explanation of the problem of aggregation is shown
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(b) After aggregation

Figure 2.4: Problem of aggregation

in figure 2.4. Here we consider a simple regulatory network: Gene X regulates gene Y , and Y regulates gene Z. Figure 2.4(a) shows the ideal case
where we could make two measurements from two separate cells. Using the
Markov condition, it is easy to see, from the graph, that Xi and Zi are
independent given Yi for i = 1, 2. Note that here X1 , X2 , 11 , 12 , 21 , and
22 are independent. Figure 2.4(b) shows what happens when we can only
measure the gene express levels of the aggregate of the two cells. X1 , Y1 ,
and Z1 now are latent variables, represented by dashed ovals. The three
P
P
P
observed variables, 2i=1 Xi , 2i=1 Yi , and 2i=1 Zi , are represented by solid
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rectangles. Each of them is expressed as a function of its parent(s) and an
P
independent error term, where the error term for 2i=1 Xi is X2 , the error
P2
P2
term for
i=1 Zi is 22 . It is not
i=1 Yi is 12 , and the error term for
difficult to see that the causal graph shown in figure 2.4(b) does not imply
P
P
P
that 2i=1 Xi and 2i=1 Zi are independent conditional on 2i=1 Yi .

Interestingly, there are some special cases where the conditional indepen-

dencies are invariant under aggregation. For example, although the graph
P
P
in figure 2.4(b) does not entail that 2i=1 Xi and 2i=1 Zi are independent
P
conditional on 2i=1 Yi , if X, Y , and Z are all binary variables, the implied
P
P
conditional independence of X, Z given Y will hold as well for i Xi , i Yi
P
and i Zi (Danks and Glymour, 2001).
Linear, normal distributions have special virtues for invariance. What-

ever the directed acyclic graph of cellular regulation may be, if the noise
terms, as in equations 2.1, are normally distributed and each variable is a
linear function of its parents and an independent Gaussian noise, then the
Markov factorization holds for the summed variables. For in that case, conditional independence is equivalent to vanishing partial correlation, and the
partial correlation of the two variables, each respectively composed of the
sum of n like variables, will be the same as the partial correlation of the
unsummed variables.
Two less restrictive sufficient conditions for conditional independence of
variables to be the same as the conditional independence of their sums, are
given in the following two theorems. The general setting is an acyclic graph
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such that each node is a function—not necessarily additive—of its parents
and an independent noise term.
Theorem 1 (Local Markov Theorem). Given an acyclic graph G representing the causal relations among a set V of causal sufficient random
variables.3 Let Y, X 1 , · · · , X k ∈ V , and X = {X 1 , · · · , X k } be the set of
parents of Y in G. If Y = cT X + ,

4

where cT = (c1 , · · · , ck ), and  is a

noise term independent of all non-descendents of Y , then Y is independent
of all its non-parents and non-descendents conditional on its parents X, and
this relation holds under aggregation.
The above theorem states that, under the local linearity condition, the
conditional independence relation between a random variable and its nondescendent and non-parent is invariant under aggregation. In the next theorem, we give another sufficient condition for the conditional independence
relation to be invariant under aggregation.
Theorem 2 (Markov Wall Theorem). Given an acyclic graph G representing the causal relations among a set V of random variables. Let X =
{X 1 , · · · , X h }, Y = {Y 1 , · · · , Y k }, W = {W 1 , · · · , W m }, and X ∪ Y ∪ W =
V . Suppose that the following three conditions hold:
1. The joint distribution of X 1 , · · · , X h , Y 1 , · · ·, Y k is multivariate normal with nonsingular covariance matrix.
3

A set V of random variables are causal sufficient if, for any X, Y ∈ V , if Z is a
common cause of X and Y , then Z ∈ V .
4
In this and the next theorems, we shall use the same bold face symbol to represent
both a set of variables, and a vector of that set of variables.
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2. For i = 1, · · · , k, Y i is neither a parent, nor a child, of any variable
W j ∈ W . That is, there is no direct edge between a variable in Y and
a variable in W .
3. For i = 1, · · · , h, X i is not a child of any variable W j ∈ W . That is,
if there is an edge between a variable in X and a variable in W , the
direction of the edge must be from the variable in X to the variable in
W.
Then conditional on X, Y is independent of W , and this relation holds

under aggregation.
Although there are established regulatory mechanisms in which some
regulators of a gene act linearly in the presence of a suitable combination
of other regulators of the same gene (Yuh, 1998), there does not appear
to be any known regulatory system that is simply linear. One of the bestestablished regulatory functional relations seems to be the expression of
the Endo16 gene of the sea urchin (Yuh, et al., 1998). The expression
level of the gene is controlled by a Boolean regulatory switch between two
functions, each of which is a product of a Boolean function of regulator
inputs multiplied by a linear function of other regulator inputs. Even much
simplified versions of such transmission functions do not preserve conditional
independence over sums of variables.
For example, consider the causal structure shown in figure 2.5, where
Y = U X and Z = V Y . (This causal structure is a simplification of the
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Figure 2.5: A Sea Urchin type regulatory network

proposed Sea Urchin endo16 gene regulatory network.) Suppose X has
a Poisson distribution with parameter λ, U and V are Bernoulli random
variables with parameters p1 and p2 respectively.
It is obvious that X and Z are independent conditional on Y . However, it can be shown that this relation does not hold under aggregation.
For example, let X1 , U1 , Y1 , V1 , Z1 and X2 , U2 , Y2 , V2 , Z2 be two independent
samples generated from the same causal structure. Assuming that U and V
are not degenerate, that is, p1 , p2 6= 1 and p1 , p2 6= 0, through straightforward calculation, we can show that:

P (Z1 + Z2 = 2|Y1 + Y2 = 2)
= p2 − p2 (1 − p2 )

p1 λe−λ
1 − p1 + p1 e−λ + p1 λe−λ

P (Z1 + Z2 = 2|Y1 + Y2 = 2, X1 + X2 = 4) = p2
Clearly, conditional independence relation is not preserved under ag-
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gregation for the causal structure shown in figure 2.5, because as long as
p1 , p2 6= 1 and p1 , p2 6= 0,

P (Z1 + Z2 = 2|Y1 + Y2 = 2) 6=
P (Z1 + Z2 = 2|Y1 + Y2 = 2, X1 + X2 = 4)
In the above examples, we treat the number n of cells in an aggregated
sample as a constant. In practice, however, when several samples are obtained, the number of cells in each sample is a random variable. This could
make the inference of conditional association even more problematic. When
n is held constant, we know that there is a fixed set of conditional associations among the aggregated genes, though they are not the same as the
genes within each individual cell. If n is a random variable, we are not sure
if the aggregated genes in different samples share the same set of conditional
associations.

2.3

Conditional independence among large sample
means

The discussion in section 2 suggests that, other than by chance, inference
of genetic regulatory networks from associations among measured expression levels is possible only if the graphical structure and transmission functions from regulator concentrations to expression concentrations of regulated
genes preserve conditional independence relations over sums of i.i.d. units.
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The few sufficient conditions we have provided are not biologically relevant,
but, unfortunately, the negative example based on a simplification of Endo
16 regulation (figure 2.5) is relevant.
Of course, there are certainly many real gene regulatory networks that
are not similar to this simplified Endo 16 regulatory network. While the
Endo 16 regulatory network fails to preserve conditional independence under aggregation, we cannot conclude that the other types of networks will
also fail. Thus, it would be very nice if we could find some interesting general
sufficient conditions for conditional independence not to be invariant. However, a general theory that works for the aggregation of arbitrary number
of cells seems very complicated, if not impossible. Instead, in this section,
we are going to explore some general conditions under which we can predict
whether the conditional independence relations will not hold as the number
of cells aggregated goes to infinity. The main result of this section is that,
if the joint distribution of the measurements of the genes in a cell falls into
either of two general classes of distributions, the conditional independence
relations among the measurements of the genes from an aggregate of large
number of cells will be essentially determined by the covariance matrix of
the original joint distribution.
Recall that for a set of variable whose joint distribution is a multivariate normal, the conditional independence relations are entirely determined
by the covariance/correlation matrix. More precisely, if the random vector
(X, Y, Z) has a multivariate normal distribution, then X and Y are inde-
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X

X ~ N(0, σ12)
Y = aX2 + εY, Var(εY) = σ22
Z = bX2 + εZ , Var(εZ) = σ32

Y

Z
Figure 2.6: Covariance matrix and conditional independence

pendent given Z if and only if the partial covariance/correlation of X and
Y with respect to Z is 0. However, this special relation between conditional
independence and covariance matrix does not hold in general. For example,
consider the causal model shown in figure 2.6. The covariance matrix for
(X, Y, Z) is:

0
σ12 0

Cov(X, Y, Z) =  0 2a2 σ12 + σ22 2abσ12
2b2 σ12 + σ32
0 2abσ12


The partial covariance of Y and Z with respect to X and the partial
covariance of X and Z with respect to Y are, respectively:

Cov(Y, Z; X) = Cov(Y, Z) − Cov(Y, X)Var(X)−1 Cov(X, Z) = 2abσ12
Cov(X, Z; Y ) = Cov(X, Z) − Cov(X, Y )Var(Y )−1 Cov(Y, Z) = 0
However, it is easy to see, from figure 2.6, that Y and Z are independent
given X, and that X and Z are dependent given Y .
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However, we are going to show, under certain conditions, that the conditional independence relations among the sums of a large sample of a set of
random variables will be, in some sense, more and more determined, as the
sample size increases, by the covariance matrix of this set of variables. The
basic idea is that, by the central limit theorems, the (properly normalized)
sums of a large sample of a set of random variables will converge weakly to
a multivariate normal distribution, which, as we mentioned before, has the
unique property that a one-to-one relation exists between the set of conditional independencies and the covariance matrix. Of course, some conditions
are required to ensure that the conditional distribution of the sums of a set
of variables given the sums of another set of variables will also converge in
the right way.
First we look at the class of distributions with non-singular covariance
matrices and bounded densities (with respect to the Lebesgue measure).
We will show that, for a random vector (X, Y, Z) belonging to this class of
distributions, the density of conditional distribution of the large sample sums
P
P
P
( i Xi , i Yi ) given large sample sums i Z i converges in total variation
P
P
P
distance to the product of the densities of i Xi given i Z i and i Yi
P
given i Z i if and only if the partial correlation of X and Y with respect
to Z is 0. To prove this, we need a few lemmas about the characteristic
functions of multivariate distributions.

Lemma 1. Let X = (X1 , · · · , Xk ) be a random vector with characteristic
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function φ(t) = φ(t1 , · · · , tk ). Then if X has a density with respect to the
Lebesgue measure, |φ(t)| equals 1 only when t = 0
Lemma 2. Let X = (X1 , · · · , Xk ) be a random vector with a bounded density with respect to the Lebesgue measure, and φ(t) = φ(t1 , · · · , tk ) be the
characteristic function of X. Then φ(t) is integrable if φ(t) ≥ 0.
Lemma 3. Let X = (X1 , · · · , Xk ) be a random vector with a bounded density f (x) with respect to the Lebesgue measure, and φ(t) = φ(t1 , · · · , tk ) be
the characteristic function of X. Then |φ(t)|n is integrable for all n ≥ 2.
With the previous lemmas, we can prove the first main theorem of this
section, which is a generalization of the well known theorem of convergence
in density for univariate random variables (Feller 1971, van der Vaart 1998):
Theorem 3. Let X n be i.i.d. random vectors with 0 mean and non-singular
P
√
covariance matrix ΣX , and X n = ni=1 X i / n. Suppose the characteristic
function φ(t) = E[exp(tT X)] is integrable, then X n have bounded continu-

ous densities that converge uniformly to the density of a multivariate normal
distribution with 0 mean and covariance matrix ΣX .
The following corollary is a direct consequence of Theorem 3.
Corollary 1. Let {(Xn , Yn , Z n )} be a sequence of i.i.d. k + 2 dimensional
random vectors with mean 0 and nonsingular covariance matrix Σ. Suppose (Xn , Yn , Z n ) and Z n both have bounded densities (with respect to the
P
P
√
√
Lebesgue measure). Let X n = ( ni=1 Xi )/ n, Y n = ( ni=1 Yi )/ n, and
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P
√
Z n = ( ni=1 Z i )/ n, and (U, V, W ) be a multivariate normal random vec-

tor with mean 0 and covariance matrix Σ. Then the total variation distance
between the conditional distribution of (X n , Y n ) given Z n and the product

of the conditional distributions of X n given Z n and Y n given Z n converges
to the total variation distance between the conditional distribution of (U, V )
given W and the product of the conditional distributions of U given W and
V given W almost surely with respect to the measure induced by W .
Note that the conditions for Theorem 3 and Corollary 1 could be made
even more general. However, the current conditions for Theorem 3 and
Corollary 1 are more intuitive.
The main implication of Corollary 1 is that, under the conditions for
Corollary 1, the conditional independence relations among the summed expression levels of the genes from large number of cells will eventually be
determined by the covariance matrix of the expression levels of the genes
within a single cell. Recall that unlike conditional independence relations,
the covariance matrix, with appropriate normalization, is invariant under
aggregation. That is, for the variables in Corollary 1, we have:


X
n
n
n
X
X
Z i = nVar(X n , Y n , Z n )
Yi ,
Xi ,
nVar(X, Y, Z) = Var
i=1

i=1

i=1

Therefore, Var(X n , Y n , Z n ) = Var(U, V, W ). Now consider the case
where X and Y are independent given Z, but the partial correlation of
X and Y with respect to Z is not 0. Clearly, the partial correlation of
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U and V with respect to W cannot be 0 either, hence U and V must
be dependent given W . As we aggregate more and more cells, the total
variation distance between the conditional distribution of (X n , Y n ) given
Z n and the product of the conditional distributions of X n given Z n and
Y n given Z n converges to a positive value.

5

Therefore, there must be a

number N such that for all n ≥ N , X n and Y n are dependent given Z n .
On the other hand, if the partial correlation of X and Y with respect to
Z is 0, then total variation distance between the conditional distribution
of (X n , Y n ) given Z n and the product of the conditional distributions of
X n given Z n and Y n given Z n will converge to 0. As the total variation
distance goes to 0, it becomes harder and harder for any general statistical
procedure to distinguish the conditional distribution of (X n , Y n ) given Z n
from the product of the conditional distributions of X n given Z n and Y n
given Z n . Hence the power of any general test of conditional independence
for the conditional distribution of (X n , Y n ) given Z n will be too poor to be
useful.
As a special case of Corollary 1, when Z is empty, we can show that
whether X n and Y n are independent is also determined by the covariance
matrix, or more precisely, by the value of Cov(X, Y ). The relation between
independence and covariance is less complicated, thanks to the fact that if
X and Y are independent, then Cov(X, Y ) = 0. Basically, if Cov(X, Y ) 6= 0,
5
This value is the total variation distance between the conditional distribution of (U, V )
given W and the product of the conditional distributions of U given W and V given W .
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then X n and Y n are dependent for all n, because of the invariance of the
covariance matrix. Moreover, the total variation distance between the joint
distribution of (X n , Y n ) and the product of the marginal distributions of X n
and Y n will converge to a non-zero value, which is the total variation distance
between the joint distribution of (U, V ) and the product of the marginal
distributions of U and V . Therefore, we do not need to worry about the
power of the test of independence. On the other hand, if Cov(X, Y ) = 0,
we need to consider two cases: If X and Y are also independent, then
because the independent relation is invariant under aggregation,

6

the total

variation distance between the joint distribution of (X n , Y n ) and the product
of the marginal distributions of X n and Y n will remain 0 for all n, which
is just fine. If X and Y are dependent, then the total variation distance
between the joint distribution of (X n , Y n ) and the product of the marginal
distributions of X n and Y n will converge to the total variation distance
between the joint distribution of (U, V ) and the product of the marginal
distributions of U and V , which is 0. This means that regardless of whether
X and Y are independent, insofar as Cov(X, Y ) = 0, for large n, any genearl
independence test will likely return that X n and Y n are independent.
An interesting implication of Corollary 1 and the local Markov theorem is
that, if a variable X is a linear function of its parents Z and an independent
error term, then the partial correlation of this variable and any non-parental
6

This statement is universally true, regardless of the distribution of X and Y . To show
this, we note that if X and
then (X1 , · · · , Xn ) and (Y1 , · · · , Yn ) are
Pn
P Y are independent,
also independent, hence n
i=1 Yi are independent.
i=1 Xi and
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non-descendent variable Y with respect to Z must be 0. This is because we
know that the conditional independence relation between X and Y given Z
is preserved under aggregation, hence the total variation distance between
the conditional distribution of (X n , Y n ) given Z n and the product of the
conditional distributions of X n given Z n and Y n given Z n is always 0 for
all n. Suppose (X n , Y n , Z n ) converges weakly to a multivariate random
variable (U, V, W ), then U and V must be independent conditional on W .
The partial correlation of U and V with respect to W then must be 0, hence
the partial correlation of X and Y with respect to Z then must be 0 too.

7

While the conditions for Theorem 3 and Corollary 1 seem to be quite
general, they do not cover the class of discrete distributions. After all, the
expression level of any type of gene in a cell, which is the number of mRNA
transcripts for that gene at a moment, is an integer valued random variable.
The continuous distributions could approximate a discrete distribution arbitrarily well, but only in term of the distribution function. (The total
variation distance between a continuous distribution and a discrete distribution is always 1, regardless of how close the distribution functions of these
Of course, we can also prove this directly. Let X = cT Z + , where  is independent
of Y . Then we have:
7

Cov(X, Y )

=

Cov(cT Z, Y ) = cT Cov(Z, Y )

=

cT Var(Z)Var(Z)−1 Cov(Z, Y )

=

Cov(X, Z)Var(Z)−1 Cov(Z, Y )

Hence the partial covariance of X and Y with respect to Z is:
Cov(X, Y ) − Cov(X, Z)Var(Z)−1 Cov(Z, Y ) = 0
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two distribution are.) However, as we are going to show in the remaining
part of this section, Theorem 3 and Corollary 1 could be extended to an important class of discrete distributions — the regular lattice distributions —
which covers the possible distributions of the numbers of mRNA transcripts
of any set of genes in a cell.
A lattice distribution for a random vector X is a discrete distribution
that only assigns non-zero probabilities to points x = (x1 , · · · , xk ) such that
xi = mhi + bi , where m is an integer, hi a positive real value, and bi a
constant. If hi is the largest positive real number such that Xi can only
take values of the form mhi + bi , hi is called the span of Xi . The regular
lattice distribution is defined as:
Definition 1. Suppose a random vector X = (X1 , · · · , Xk ) has a lattice
distribution, and hi is the span of the ith coordinate Xi . Then X has a
regular lattice distribution if, for any 1 ≤ i ≤ k, there are at least two vectors
xi = (x1 , · · · , xi−1 , xi , xi+1 , · · · , xk ) and y i = (x1 , · · · , xi−1 , yi , xi+1 , · · · , xk ),
such that |yi − xi | = hi , P (X = xi ) > 0, and P (X = y i ) > 0.
Let φ(t) be the characteristic function of X, define T = {t : |φ(t)| =
1, t 6= 0}. By Lemma 1, |φ(t)| = 1 implies that tT X = b + 2mπ a.s. for
m = 0, ±1, · · ·. In particular, tT (xi − y i ) = ti (yi − xi ) = 2m1 π for some
integer m1 . That is, either ti = 0, or |ti | ≥ 2π/|yi − xi | = 2π/hi . Thus,
we have shown that, if X has a regular lattice distribution, |φ(t)| < 1 if
0 < |ti | < hi for all 1 ≤ i ≤ k.
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Now we can extend Theorem 3 and Corollary 1 to the regular lattice

distributions.
Theorem 4. Let X n be i.i.d. discrete random vectors with a lattice distribution that satisfies the regularity condition given above. Suppose X n has
mean 0 and a non-singular covariance matrix ΣX . Let hi be the span of
the marginal distribution of the ith coordinate of X n , φ(t) be the characterP
√
istic function of X n , and X n = ni=1 X i / n. Then the probability mass

functions pn (x) of X n converge uniformly to the density g of a multivariate
normal distribution with 0 mean and covariance matrix ΣX in the following
way:
"

#
nk/2
sup Qk
pn (x) − g(x) → 0
x
h
i
i=1

(2.3)

Corollary 2. Let {(Xn , Yn , Z n )} be a sequence of i.i.d. k + 2 dimensional
random vector with mean 0 and nonsingular covariance matrix Σ. Suppose
that (Xn , Yn , Z n ) has a regular lattice distribution with a nonsingular coP
P
√
√
variance matrix Σ. Let X n = ( ni=1 Xi )/ n, Y n = ( ni=1 Yi )/ n, and
P
√
Z n = ( ni=1 Z i )/ n, and (U, V, W ) be a multivariate normal random vector with mean 0 and covariance matrix Σ. Then the total variation distance

between the conditional distribution of (X n , Y n ) given Z n and the product
of the conditional distributions of X n given Z n and Y n given Z n converges
to the total variation distance between the conditional distribution of (U, V )
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given W and the product of the conditional distributions of U given W and
V given W almost surely with respect to the measure induced by W .
The implication of Corollary 2 is similar to that of Corollary 1, except
that it is applied to the regular lattice distributions.
Combining Corollaries 1 and 2, we have shown that, if given only the
data about the summed gene expression levels from a large number of cells,
we could learn virtually nothing about the exact causal models for the gene
expression levels in a single cell, which has a lattice distribution, or the
approximated continuous model, except the mean vector and the covariance
matrix.

2.4

Estimate correlation matrix from noisy aggregation data

In section 2 of this chapter, it has been shown that, except for some special
cases, we should not expect that the conditional independence relations
among the expression levels of the genes in a single cell would be the same
as the relations among the summed expression levels from an aggregate
of multiple cells. In section 3, it was shown that, for two general classes of
distributions, when a large number of cells are aggregated, the independence
and conditional independence relations among the summed genes expression
levels from the aggregated cells are essentially determined by the covariance
matrix, or more precisely, by the covariance and partial covariances, of the
expression levels of genes in a single cell. Given that it is typically the
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case, for the current technologies such as microarray or SAGE, that often
hundreds of thousands of cells are used in a single measurement, it seems
that in principle we are not going to learn the conditional independence
information among the expression levels of the genes in a single cell, unless
we were to make the biologically implausible assumption that in the true
models for the gene expression levels in a single cell, the partial correlation
between the expression levels of two genes with respect to other genes is 0
if and only if the two genes are independent conditional on other genes.
Nevertheless, we do know that two important features of the joint distribution of the gene expression levels—the mean vector and the covariance
matrix—are invariant under aggregation up to a simple linear transformation, and we know that non-zero covariance does imply dependent relation.
Therefore, theoretically, we can always claim that the expression levels of
two genes are dependent if we find that the covariance of the summed expression levels of these two genes from a large number of cell is non-zero.
Unfortunately, even such a weak statement is problematic in practice, at
least if we are going to use one of the two popular technologies, i.e., microarray or SAGE. The main reason is that, compared to the measurement error
of the current technologies, the covariance between the summed expression
levels of any pair of genes from an aggregate of a large number of cells is
too small to be reliably estimated.
Let us first look at the SAGE data. A typical SAGE experiment needs
108 cells (Velculescu et al., 1997), and a yeast cell contains roughly 15000
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mRNA transcripts (Hereford & Rosbash, 1977). Using some modified protocols, such as microSAGE, the number of cells can be reduced to 105 (Datson
et al, 1999). Typically the result of a SAGE experiment is a library consisting of 30000 tags. Consider the following experiment: 105 cell, each
with 15000 mRNA transcripts, are used as input, and the output is a SAGE
library containing 30000 tags. Let Xi and Yi represent respectively the numbers of mRNA transcripts of two genes A and B in the ith cell, and S and
T the counts of tags for A and B in the resulting SAGE library. Suppose
that E[Xi ] = E[Yi ] = 15, Var(Xi ) = Var(Yi ) = 225, and Cov(Xi , Yi ) =
P100000
112.5, (hence Corr(Xi , Yi ) = 0.5). Let p̂ =
Xi /(1.5 × 109 ), and
i=1
P
Yi /(1.5 × 109 ). Assuming the PCR is unbiased, ignoring the
q̂ = 100000
i=1
sequencing error, conditional on (p̂, q̂), it can be shown that:

8

Var(S|p̂) ≈ 30000 p̂(1 − p̂)
Var(T |q̂) ≈ 30000 q̂(1 − q̂)
Cov(S, T |p̂, q̂) ≈ 30000 p̂q̂
Therefore, we have:

Var(S) = E[Var(S|p̂)] + Var(E[S|p̂]) ≈ 30
Var(T ) = E[Var(T |q̂)] + Var(E[T |q̂]) ≈ 30
Cov(S, T ) = E[Cov(S, T |p̂, q̂)] + Cov(E[S|p̂], E[T |q̂]) ≈ −2.55 × 10−2
8

For the details of the proof, see Chapter 3.
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which implies that Corr(S, T ) ≈ −8.5 × 10−4 . On the other hand, if

we assume that Cov(Xi , Yi ) = 0, and everything else remains the same, the
correlation between S and T would be −1 × 10−3 . Thus to test the null
hypothesis that Corr(Xi , Yi ) = 0 versus the alternative that Corr(Xi , Yi ) =
0.5, we have to test Corr(S, T ) = −1×10−3 versus Corr(S, T ) = −8.5×10−4 .
Using Fisher’s z transformation, the sample size must be greater than 1.7 ×
108 so that the rates of both type I and II errors are approximately 15%.

9

That is, we need to perform at least 1.7 × 108 SAGE experiments so that we
can detect a rather strong correlation of 0.5 between the expression levels of
two genes. (Note that if there were no measurement errors, to test whether
Corr(Xi , Yi ) = 0 or Corr(Xi , Yi ) = 0.5, using Fisher’s z transformation, we
would only need a sample of size 19 to control the rates of the two types of
error at the level of approximately 15%.) In practice, the problem is even
more difficult, because the correlation between two dependent genes could
be smaller, and the alternative hypothesis should be Corr(Xi , Yi ) 6= 0.
It is difficult to estimate how many microarray measurements are required so that we can test reliably whether Corr(Xi , Yi ) = 0, because so far
all the statistical models for the microarray data treat the expression levels
of the genes as constants. However, it is generally believed that, while relatively cheap and fast, the microarray experiments usually provide qualitative
measurements of the gene expression levels, in contrast to the quantitative
9

Let z be the test statistic. Under the null, E0 [z] ≈ −0.001, under the alternative,
E1 [z] ≈ −0.00085. The variance of z is approximately 1/(n − 3), where n is the sample
size. The level 15% test will reject the null if z > −0.000925.
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nature of the SAGE technology. Our own experience with the two technologies also suggests that the quality of the data from microarray experiments
usually is not as good as the SAGE data. Therefore, we may expect that
we would need even more experiments to test whether Corr(Xi , Yi ) = 0.
Thus we have reached the conclusion of this section and the whole chapter: In theory, the data obtained using current technologies such as microarray and SAGE cannot be used to identify the conditional independence
relations among the expression levels of the genes in a single cell, though
they could be used to estimate the covariance matrix of the gene expression
levels. In practice, these data cannot even be used to estimate the covariance matrix of the gene expression levels in a single cell, unless we have an
astronomical number of measurements. Thus, the only thing we can learn
reliably from these data is the mean of the gene expression levels in a single
cell.
This conclusion appears to conflict with many reports of successful machine learning searches for regulatory structure. In many cases, however,
the successes are with simulated data in which the simulated values for
individual cell representatives are not summed in forming the simulated
measured values, and are therefore unfaithful to the actual measurement
processes. In several other cases results with real data are not independently confirmed, but merely judged plausible. Rarely, results are obtained
that agree with independent biological knowledge; in these cases the actual
regulatory structure among the genes considered may approximately satisfy
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invariance of conditional independence for summed variables, or the procedures may simply have been lucky. Feasible, economical techniques for
measuring concentrations of transcripts in single cells could make machine
learning techniques based on associations of expressions valuable in identifying regulatory structure, but such techniques are not yet available. In
the meanwhile, absent biological evidence that regulatory dependencies have
the requisite invariance over sums of variables, there seems little warrant for
thinking accurate methods are possible for inferring regulatory structures
that depend on conditional associations.
Of course, there are other ways to determine the networks of regulatory
relationships among genes. One approach, the intervention approach (Yuh,
et al., 1998; Ideker, et al., 2001; Davidson, et al., 2002, and Yoo et al., 2002),
experimentally suppresses (or enhances) the expression of one or more genes,
and measures the resulting increased or decreased expression of other genes.
A single knockout of gene A resulting in changed expression of genes B and
C, for example, implies that either A regulates both B and C directly, or
A regulates B which in turn regulates C, etc. The method, while laborious,
has proved fruitful in unraveling small pieces of the regulatory networks
of several species. Its chief disadvantage is that each experiment provides
information only about the effects of the manipulated gene or genes, and
it is often impossible to distinguish the direct effect from indirect effect
with a single experiment. To identify a regulatory network, the number of
experiments required will be super exponential in the number of distinct
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genes in the network.

Another promising approach is the genome-wide location analysis (Ren
et al, 2000). The basic idea is to use formaldehyde to cross-link proteins and
nuclei acids in living cells. The cells then are lysed and sonicated. The DNA
fragments bound by certain proteins, which represent the promoter regions
of the genes regulated by these proteins, are then enriched by immunoprecipitation with corresponding antibodies. The cross-links are then reversed,
the DNA fragments are purified, amplified, and identified, and their concentration levels are measured (Orlando, 2000). This technology allows direct
monitor of the protein-DNA interactions, and has been used to construct
the regulatory network of yeast (Lee et al, 2002).

Using the above two experimental approaches, we can make inference
of regulatory network without the knowledge of the statistical associations
among the expression levels of the genes in a single cell. Of course we
still need to know the mean expression levels of each gene (under certain
conditions), which, fortunately, could be estimated from the gene expression
data obtained by the microarray and the SAGE technologies. In the next
two chapters, we are going to focus on the SAGE technology, construct a
statistical model for the SAGE data, and explore the various applications of
this statistical model.
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2.5

Appendix: Proofs

Proofs for section 2
Theorem 1 (Local Markov Theorem). Given an acyclic graph G representing the causal relations among a set V of random variables. Let
Y, X 1 , · · · , X k ∈ V , and X = {X 1 , · · · , X k } be the set of parents of Y
in G. If Y = cT X + ,

10

where cT = (c1 , · · · , ck ), and  is a noise term

independent of all non-descendents of Y , then Y is independent of all its
non-parents, non-descendents conditional on its parents X, and this relation holds under aggregation.
Proof:
Let U be the set of the variables in V that are neither parents nor
descendents of Y . That Y is independent of U conditional on its parents
X is a direct consequence of the local Markov condition for acyclic graphs
(Spirtes, et al, 2001).
Let Yi , i , X i , and U i be the ith i.i.d. copy of Y , , X, and U respectively, we have,
n
X
i=1

Yi =

n
X
i=1

(cT X i + i ) = cT

n
X
i=1

Xi +

n
X

i

i=1

Clearly, (1 , · · · , n ) is independent of (X 1 , · · · , X n , U 1 , · · · , U n ). This
P
P
P
means that ni=1 i is independent of ( ni=1 U i , ni=1 X i ), which again imP
P
P
plies that ni=1 i is independent of ni=1 U i conditional on ni=1 X i . Con10
In this and the next theorems, we shall use the same bold face symbol to represent
both a set of variables, and a vector of that set of variables.
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sequently, cT

Pn

(Note that cT

i=1 X i +

Pn

i=1 X i

Pn

i=1 i

is independent of

Pn

is a constant conditional on

is an arbitrary constant vector.)

i=1 U i

Pn

given

i=1 X i

Pn

i=1 X i .

= x, where x


Theorem 2 (Markov Wall Theorem). Given an acyclic graph G representing the causal relations among a set V of random variables. Let X =
{X 1 , · · · , X h }, Y = {Y 1 , · · · , Y k }, W = {W 1 , · · · , W m }, and X ∪ Y ∪ W =
V . Suppose that the following three conditions hold:
1. The joint distribution of X 1 , · · · , X h , Y 1 , · · ·, Y k is multivariate normal with nonsingular covariance matrix.
2. For i = 1, · · · , k, Y i is neither a parent, nor a child, of any variable
W j ∈ W . That is, there is no direct edge between a variable in Y and
a variable in W .
3. For i = 1, · · · , h, X i is not a child of any variable W j ∈ W . That is,
if there is an edge between a variable in X and a variable in W , the
direction of the edge must be from the variable in X to the variable in
W.
Then conditional on X, Y is independent of W , and this relation holds
under aggregation.
Proof:
The conditional independence of Y and W given X is obvious, because
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W can be represented as a function of X and some other random variables
independent of (X ∪ Y ).

11

Now let Z = (X 2 , · · · , X h , Y 1 , · · · , Y k )T , suppose the joint distribution
of X 1 and Z is:



X1
Z



∼N



µ
~ν

  2

σ1 α
~T
,
α
~ ΣZ

Let Z i = (Xi2 , · · · , Xih , Yi1 , · · · , Yik )T , which is the ith i.i.d. copy of Z,
P
P
we are going to show that X11 is independent of ni=1 Z i given ni=1 Xi1 .
P
P
First, let us see the joint distribution of X11 , ni=1 Xi1 , and ni=1 Z i :
  2


1
σ1
µ
X
1
P
 n Xi1  ∼ N  nµ ,  σ12
Pi=1
n
α
~
n~ν
i=1 Z i
P
We claim that conditional on ni=1 Xi1 =


mean of X11 is x.


σ12
α
~T
αT 
nσ12 n~
n~
α nΣZ
P
nx and ni=1 Z i = n~z, the

Note that:

E[X11

n
X

Xi1 = nx,

µ+

Z i = n~z] =

i=1

i=1



n
X

σ12

α
~T


−1 

 nσ12 n~
αT
nx − nµ
n~
α nΣZ
n~z − n~ν

~ T = n~
Let β
αT (nΣZ )−1 , γ = 1/(nσ12 − β~ T n~
α), inverting by partition, we
have:
11
More precisely, these variables are the exogenous variables in W and the independent
noise terms associated with the endogenous variables in W .
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−1
nσ12 n~
αT
=
n~
α nΣZ
#
"
~T
γ
−γ β
~T ]
−γ β~ (nΣZ )−1 [I + (n~
α)γ β

It then can be shown that:



σ12

α
~T

It then follows:

E[X11





n
X

Xi1

= nx,

i=1

n
X

1/n

~0T



is:

Var X11

Xi1 = nx,

i=1

=

σ12

=

n−1 2
σ1
n

−



1/n ~0T





Z i = n~z]



The conditional variance of X11 given

n
X

=

i=1



= µ+

−1

nσ12 n~
αT
n~
α nΣZ

σ12

n
X
i=1

α
~T





nx − nµ
n~z − n~ν

Pn

1
i=1 Xi

Z i = n~z



=x

= nx and

Pn

i=1 Z i

= n~z

!

nσ12 n~
αT
n~
α nΣZ

−1 

σ12
α
~



Thus, we have shown that both the conditional mean and the conditional variance of X11 is constant in n~z. Given that the conditional distribuP
tion of X11 is normal, this implies that X11 is independent of ni=1 Z i given
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Pn

1
i=1 Xi .

Note that by the same argument, we could show that, conditional
P
P
P
on ni=1 Xi1 , X11 is independent of ni=1 Xi2 , · · · , ni=1 Xih . Let X i be the
P
ith copy of X, it follows that, conditional on ni=1 X i , X11 is independent of
Pn
1
i=1 Y i . Because the choice of X1 is arbitrary, we actually have shown that,
P
P
conditional on ni=1 X i , Xij is independent of ni=1 Y i for any 1 ≤ i ≤ n
P
and 1 ≤ j ≤ h. Moreover, the joint distribution of X 1 , · · · , X n and ni=1 Y i
P
conditional on ni=1 X i is multivariate normal, and for multivariate normal,

marginal independence relations imply the joint independence relation. 12
P
P
It then follows that (X 1 , · · · , X n ) is independent of ni=1 Y i given ni=1 X i .

We note that W i , the ith copy of W , can be represented as a function of

X i and some other random variables independent of (X 1 , · · ·, X n , Y 1 , · · ·,
Y n ). Thus, as a function of (X 1 , · · · , X n ) and other random variables indeP
P
pendent of (X 1 , · · · , X n , Y 1 , · · · , Y n ), ni=1 W i is independent of ni=1 Y i
P
given ni=1 X i .


Proofs for section 2
Most of the lemmas in this section are multivariate versions of some well
known facts about the univariate characteristic functions.
Lemma 1. Let X = (X1 , · · · , Xk ) be a random vector with characteristic
function φ(t) = φ(t1 , · · · , tk ). Then if X has a density with respect to the
Lebesgue measure, |φ(t)| equals to 1 only when t = 0
12
Suppose X, Y, Z are multivariate normal. If X is independent of Y , and X is also
independent of Z, then X is independent of (Y, Z).
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Proof:
Suppose for some a = (a1 , · · · , ak ) 6= 0, |φ(a)| = 1. Let φ(a) = exp(ic)
for some real number c. Without loss of generality, suppose a1 6= 0. Then
the characteristic function of X c = (X1 − c/a1 , X2 , · · · , Xk ) is:

 ct 
1
φ(t1 , · · · , tk )
E[exp(iX Tc t)] = exp −i
a1

(2.4)

Therefore, when t = a:

1 = E[exp(iX Tc a)] = E[cos(X Tc a) + i sin(X Tc a)]
= E[cos(X T a − c) + i sin(X T a − c)]
This is possible only when E[cos(X T a − c)] = 1, which implies that
X T a = 2mπ + c a.s. for m = 0, ±1, · · ·. Therefore, the distribution of X is
not absolutely continuous with respect to the Lebesgue measure.



Lemma 2. Let X = (X1 , · · · , Xk ) be a random vector with a bounded
density with respect to the Lebesgue measure, and φ(t) = φ(t1 , · · · , tk ) be the
characteristic function of X. Then φ(t) is integrable if φ(t) ≥ 0.
Proof:
Let f (x) be the density of X. Suppose f (x) ≤ M , where M is a constant. Let gσ (t) be the density of a multivariate normal distribution with
mean 0 and covariance matrix σ 2 I k , then by the Parseval’s identity:
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exp(−itT u)φ(t)gσ (t) dt =

Z

f (x) exp(−(σ 2 /2)(x−u)T (x−u)) dx (2.5)

This implies that:

Z

 T 
t t
exp(−it u)φ(t) exp − 2 dt
2σ


Z
1
(x − u)T (x − u)
k
f (x) √
dx
= (2π)
exp −
2σ −2
( 2π)k σ −1
T

≤ (2π)k M

Set u = 0, we have:

Z

 T 
t t
φ(t) exp − 2 dt ≤ (2π)k M
2σ

(2.6)

Given that φ(t) ≥ 0, and φ(t) exp[−(tT t)/(2σ 2 )] ↑ φ(t) as σ → ∞,
Z

 T 
Z
t t
φ(t) exp − 2 dt → φ(t) dt
2σ

Hence φ(t) is integrable and

R

φ(t) dt ≤ (2π)k M .

(2.7)


Lemma 3. Let X = (X1 , · · · , Xk ) be a random vector with a bounded
density f (x) with respect to the Lebesgue measure, and φ(t) = φ(t1 , · · · , tk )
be the characteristic function of X. Then |φ(t)|n is integrable for all n ≥ 2.
Proof:
It sufficies to show that |φ(t)|2 is integragable.
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First, we note that |φ(t)|2 ≥ 0, and |φ(t)|2 is the characteristic function
of X 1 − X 2 , where X 1 and X 2 are i.i.d. with density f (x). The density of
X 1 − X 2 is:

g(y) =

Z

f (x + y)f (x) dx ≤ sup f (x) < ∞
x

By Lemma 2, |φ(t)|2 is integragable.

(2.8)


Theorem 3. Let X n be i.i.d. random vectors with 0 mean and non-singular
P
√
covariance matrix ΣX , and X n = ni=1 X i / n. Suppose the characteristic
function φ(t) = E[exp(tT X)] is integratable, then X n have bounded con-

tinuous densities that converge uniformly to the density of a multivariate
normal distribution with 0 mean and covariance matrix ΣX .
Proof:
This theorem is a generalization of the well known fact about the convergence of density in the univariate case. The following proof is similar to
the one (for the univariate case) given in Feller (1971).
Because φ(t) is integrable, the density of X n can be obtained by the
inversion formula:

fn (x) =



1
2π

k Z

√
exp(−itT x)φ(t/ n)n dt

(2.9)

We need to show that, uniformly over x:

Z



√ n
1 T
exp(−it x) φ(t/ n) − exp(− t ΣX t) dt → 0
2
T

(2.10)
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where exp(− 21 tT ΣX t) is the characteristic function of the multivariate

normal distribution with 0 mean and covariance matrix ΣX .
Compare φ(t) with exp(− 41 tT ΣX t). They are both equal to 1 when
evalauted at t = 0, their first derivatives are both equal to 0 when evaluated
at t = 0, and their second derivatives are −ΣX and − 21 ΣX when evaluated
at t = 0. Given that ΣX is positive definite, there must be a postive δ such
that |φ(t)| ≤ exp(− 41 tT ΣX t) for |t| ≤ δ. Let h = sup|t|=δ {exp(− 41 tT ΣX t)}.
It is easy to see that h < 1. On the other hand, by the Riemann-Lebesgue
Theorem, (see Stein & Weiss 1971, p. 2), φ(t) → 0 as |t| → ∞. Thus, given
that |φ(t)| < 1 for all t 6= 0, |φ(t)| must achieve a maximum m on |t| ≥ δ,
where m < 1.
R
Let  > 0. First we choose a c such that |t|≥c exp(− 41 tT ΣX t) dt <
√
. Given the fact that [φ(t/ n)]n → exp(− 21 tT ΣX t) uniformly on any
compact set, there is an N1 such that, for all n ≥ N1 ,

Z

|t|≤c

√



√ n
1 T
exp(−it x) φ(t/ n) − exp(− t ΣX t) dt < 
2
T

Now choose N2 such that for all n ≥ N2 ,

√

nmn−1

nδ > c. We have, for n ≥ max(N1 , N2 ):

Z



√ n
1 T
exp(−it x) φ(t/ n) − exp(− t ΣX t) dt
2
Z
√
1
φ(t/ n)n − exp(− tT ΣX t) dt
≤
2
T

R

(2.11)

|φ(t)| dt < , and
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√
1
φ(t/ n)n − exp(− tT ΣX t) dt
2
|t|≤c


Z
√ n
1 T
dt
+
exp(− t ΣX t) + φ(t/ n)
2
|t|>c
Z
Z
√
1 T
n−1
exp(− t ΣX t) dt + m
≤ ++
φ(t/ n) dt
√
√
4
c<|t|≤ nδ
|t|> nδ
Z
√
≤ 3 + nmn−1 |φ(t)| dt ≤ 4
≤

Z


Theorem 4. Let X n be i.i.d. discrete random vectors with a lattice distribution that satisfies the regularity condition given above. Suppose X n has
mean 0 and a non-singular covariance matrix ΣX . Let hi be the span of
the marginal distribution of the ith coordinate of X n , φ(t) be the characP
√
teristic function of X n , and X n = ni=1 X i / n. then the probability mass

functions pn (x) of X n converge uniformly to the density g of a multivariate
normal distribution with 0 mean and covariance matrix ΣX in the following
way:

"

#
nk/2
pn (x) − g(x) → 0
sup Qk
x
i=1 hi

(2.12)

Proof: Given that the span of the marginal distribution of Xi is hi , the
marginal distribution of the ith coordinate of X n must have a lattice dis√
tribution with span hi / n. Let φ(t) be the characteristic function of X n ,
the probability mass function for X n is:
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Qk
Z √nπ
Z √nπ
h
h1
√
h
k
i=1 i
· · · √ exp(−itT x)φ(t/ n)n dt
pn (x) = √
√
k
− nπ
(2 nπ) − nπ
hk

(2.13)

h1

Let φ(t) be the characteristic function of X n , we need to show that,
uniformly on x,

Z

√
nπ
hk
−

√
nπ
hk

···

Z

√
nπ
h1
√
− nπ
h1

√
exp(−it x)[φ(t/ n)n dt −
T

Z

1
exp(− tT ΣX t)] dt → 0
2
(2.14)

It is easy to see that it suffices to prove that:

Z

√
nπ
hk
−

√
nπ
hk

···

Z

√
nπ
h1
√
− nπ
h1

√
1
φ(t/ n)n − exp(− tT ΣX t) dt → 0
2

(2.15)

The proof will be essentially the same as the proof for Theorem 3, except
that here the Riemann-Lebesgue Theorem does not hold. Instead, we use
the fact that under the regularity condition, |φ(t)| < 1 if 0 < |ti | < hi for
all 1 ≤ i ≤ k.



Corollary 2. Let {(Xn , Yn , Z n )} be a sequence of i.i.d. k + 2 dimensional random vector, where Z n is a k dimensional random vector. Suppose
that (Xn , Yn , Z n ) has a regular lattice distribution with a nonsingular coP
P
√
√
variance matrix Σ. Let X n = ( ni=1 Xi )/ n, Y n = ( ni=1 Yi )/ n, and
P
√
Z n = ( ni=1 Z i )/ n, then the total variation distance between the conditional distribution of (X n , Y n ) given Z n and the product of the conditional
distributions of X n given Z n and Y n given Z n converges to 0.
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Proof: Without loss of generality, suppose the spans for (Xn , Yn , Z n ) are
h1 , h2 , · · · , hk+2 respectively, and that the lattice points of the distribution, i.e., the values that (Xn , Yn , Z n ) could possible take, are of the form
(m1 h1 + c1 , m2 h2 + c2 , · · · , mk+2 hk+2 + ck+2 ), where m1 , · · · , mk+2 are arbitrary intergers, and 0 ≤ ci < hi for i = 1, · · · , k + 2.

n
n
n
Let FX,Y
, FX|
|Z
Z , and FY |Z be the conditional distributions of (X n , Y n )

given Z n , X n given Z n , and Y n given Z n respectively. Clearly they are also
lattice distributions. We are going to approximate these three conditional
distributions with three continuous distributions GnX,Y |Z , GnX|Z , and GnY |Z .
The basic idea is to transform the probability mass functions of the latttice
distributions into the probability density functions (w.r.t. the Lebesgue
measure) of the continuous distributions. Generally speaking, to approximate a m dimensional lattice distribution with a continuous distribution,
we shall first divide the m dimensional Eucidean space into identical m dimensional rectangles such that the lengths of the “edges” of each rectangle
are equal to the spans of the lattice distribution, and that at the geometric
center of each rectangle is a lattice point. The probability density function
then will be uniform within each of the rectangles, and the total mass for
each rectangle will be the same as the mass assigned to the lattice point in
the center of that rectangle by the corresponding lattice distribution. The
three densities are given as:
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n
gX,Y
|z (x, y|z) =

n
gX|
z (x|z)

=

gYn |z (y|z) =

n
h1 h2
√

X

(m1 ,m2

x,y,n (x, y)
ICm
,m
1

2

)∈Z2

x,y,n
| Z n = dn (z))
P ((X n , Y n ) ∈ Cm
1 ,m2

n X

x,n
x,n (x)P (X n ∈ C
ICm
m1 | Z n = dn (z))
1
h1
m1 ∈Z
√ X
n
y,n
y,n (y)P (Y n ∈ C
ICm
m2 | Z n = dn (z))
2
h2
m2 ∈Z

where

x,y,n
Cm
1 ,m2

x,n
Cm
1
y,n
Cm
2

=


(w1 , w2 ) :


(mi − 0.5)hi + nci
(mi + 0.5)hi + nci
√
√
< wi ≤
, i = 1, 2
n
n


(m1 − 0.5)h1 + nc1
(m1 + 0.5)h1 + nc1
√
√
=
,
n
n


(m2 − 0.5)h2 + nc2
(m2 + 0.5)h2 + nc2
√
√
=
,
n
n

√
and dn (w3 , · · · , wk+2 ) = (v3 , · · · , vk+2 ), with vi = [ceil(( nwi − nci )/hi −
√
0.5)hi + nci ]/ n for 3 ≤ i ≤ k + 2. 13
n
Let pnX,Y |Z , pnX|Z , and pnY |Z be the probability mass functions for FX,Y
|Z ,
n , and F n
n
n
n
n
FX|Z
Y |Z respectively. Let qX,Y |Z = pX|Z pY |Z , and QX,Y |Z be the
n g n , and H n
correpsonding distribution function. Let hnX,Y |Z = gX|Z
Y |Z
X,Y |Z

be the correpsonding distribution function. It is easy to see that the total
13

ceil(x) returns the smallest integer that is greater than or equal to x. Thus dn (z)
returns the lattice point of Z n closest to z. In cases of tie, it will return the smallest.
This way we have defined the conditional distribution for the cases where P (Z n = z) = 0.
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n
variation of the signed measure QnX,Y |Z − FX,Y
|Z is the same as the total
n
n
n
n
variation of the signed measure HX,Y
|Z − GX,Y |Z , i.e., |QX,Y |Z − FX,Y |Z | =
n
n
n
|HX,Y
|Z − GX,Y |Z |. As a direct consequence of Theorem 4, we have hX,Y |Z −
n
gX,Y
|Z → 0 as n → ∞, although the convergence may be not uniform. By
n
n
the bounded convergence theorem, we have |HX,Y
|Z − GX,Y |Z | → 0, hence
n
|QnX,Y |Z − FX,Y
|Z | → 0, as n → ∞.



Chapter 3

Sampling, amplification, and
resampling
Compared to other technologies for gene expression level measurement, such
as microarray, SAGE has a distinct advantage. That is, we have a better
understanding of most of the critical steps of the SAGE protocol. This makes
it possible to construct a statistical model for the SAGE data that based
on our knowledge about how the data are generated, rather than by simply
trying to fit the data with some convenient models. In this chapter, I shall
discuss a new sampling method for generating discrete data — sampling,
amplification, and resampling (SAR) — that is a generalization of the three
critical steps of the SAGE protocol. This new sampling scheme can be
used to model not only the SAGE gene expression data, but also many
other biological experiments involving Polymerase Chain Reaction (PCR). I
shall derive the asymptotic distribution for the data generated by the SAR
scheme. The results of this chapter provide a theoretical foundation for the
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detailed study of the SAGE data in the next chapter. Readers who are only
interested in the practical analysis of the SAGE data can skip this chapter
and go directly to the next chapter: SAGE data analysis.
The first section of this chapter gives the definition of the the sampling, amplification, and resampling scheme (SAR). In section 2, I study
the asymptotic behavior of the amplification step, and prove some theorems
about the asymptotic behavior of the ratio of the large sample means. Then
in section 3, I derive the main result of this chapter, the asymptotic distribution of the discrete data generated by the SAR procedure. In the last
section, I present several test statistics for some frequently used tests, and
give the asymptotic distributions for these statistics.

3.1

Introduction

In their classic work on the multivariate discrete analysis, Bishop, Fienberg,
and Holland (1975) discuss several popular sampling methods that generate multivariate discrete data (contingency tables). Basically, there are two
types of sampling methods: the multinomial type, and the hypergeometric
type. The multinomial type methods again include sampling methods that
could generate the following three families of distributions: the multinomial
sampling, which generates data of multinomial distributions; the Poisson
sampling, which generates data of Poisson distributions; and the negative
multinomial sampling, which generate data of negative multinomial distributions. These sampling methods are closely related to each other. For
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example, among the three multinomial type methods, the joint distribution
of k independent Poisson random variables, conditional on their sum, is a
k dimensional multinomial distribution. The multinomial distribution, on
the other hand, could be seen as the limit of the multivariate hypergeometric distribution, and is often a good approximation for the latter when the
population size is large compared to the sample size.
Because of the popularity of the above models, people may tend to treat
any contingency table as being generated by one of these methods. However,
there are many other types of data that do not fall in one of the above
models. One such type of data are the gene expression level data generated
by the SAGE experiments.
In a SAGE experiment, a sample of mRNA transcripts is extracted from
a cell population, transcribed into cDNA clones. Then, from a specific site
of each cDNA clone, a short 10 base long tag is cut. A certain number of
cycles of PCR then are performed to amplify the tags. Finally, the tags are
linked together to form longer sequences. Among these longer sequences,
those of certain length that are suitable for sequencing are chosen and get
sequenced. The counts of the tags contained in the sequenced sequences are
reported as the experimental result, called the SAGE library.
While the generation of a SAGE data involves many steps, there are three
steps critical to the statistical modeling of the SAGE data. These three steps
are the collection of the sample cells from a certain cell population, PCR, and
the collection of long sequences for sequencing. As an abstraction of these
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three steps, we can derive a new sampling scheme for generating multivariate
discrete data: the sampling, amplification, and resampling (SAR) procedure.
A typical sampling, amplification, and resampling procedure include the
following steps:

1. Draw the original sample, which has either the multinomial, or the
multivariate hypergeometric distribution.
2. Amplify the original sample. Each element in the original sample
is amplified independently such that the integer valued amplification
factors for each element are nonnegative and identically distributed
with positive mean and finite variance. (Starting with a single element,
let X be the total number of elements obtained after the amplification,
then X is the amplification factor.) The amplified sample is called the
intermediate sample.
3. Generate the final sample from the intermediate sample by drawing
randomly with or without replacement. The final sample is also called
the SAR sample.

Note that the generation of the final sample by sampling without replacement from the intermediate sample is complex. The problem is that
the size of the intermediate sample is a random variable, hence the size of
the final sample in general will also be a random variable. For example,
suppose the initial plan is to draw a sample of size n, but the size of the
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intermediate sample is n0 < n, then the final sample size will be n0 , instead
of n. However, this is less an issue in asymptotic study if n is so selected
that it is less than the size of the intermediate sample with probability one
as the size of the original sample goes to infinity.
In the remaining part of this chapter, we shall analyze the asymptotic
behavior of the data generated by the SAR procedure. The theorems proved
for the SAR procedure could be used not only to model the SAGE data, but
also to study the results of other biological experiments that employ PCR.
1

3.2

Asymptotic distribution of the ratio in amplification

If the intermediate sample in the SAR scheme were obtained by multiplying the original sample by a factor k, then the relative frequencies of each
category in the intermediate sample will be the same as the relative frequencies in the original sample. However, if the original sample is amplified
1
For example, competitive RT-PCR (reverse transcription-polymerase chain reaction)
is believed to be one of the most accurate methods of quantifying the mRNA expression.
Our result about the asymptotic distribution of the ratio of sums of two sequences of iid
random variables (see section 2) could be used to analyze the results obtained from the
RT-PCR experiments. The basic idea of RT-PCR is that the target mRNA sample is
mixed with a known mount of synthesized mRNA, which share the same primer pair for
amplification with the target mRNA. The PCR procedure then is applied to the mixture.
The amounts of the amplified target mRNA and the amplified synthesized mRNA then
get measured. Let Xt and Xs be the amounts of the target mRNA and synthesized mRNA
before PCR, and Yt and Yp the amounts of the target mRNA and synthesized mRNA after
PCR. The value of Xs , Yt , and Ys are known. Our study gives the asymptotic distribution
of Yt /Ys given Xt /Xs and some other parameters, including the number of cycles of PCR
and the efficiency of PCR, both could be estimated experimentally. Thus, we could find
a confidence interval for Xt /Xs , and hence a confidence interval for Xt .
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by a noisy procedure, say, a branch process, conditional on the original
sample, the relative frequencies of each category in the intermediate sample
will be nondegenerate random variables. In this section we shall present
the asymptotic distribution of the relative frequencies in the intermediate
sample conditional on the original sample. But first, we show that for a specific type of amplification processes, the mean of the relative frequency of
any category in the intermediate sample, conditional on the original sample,
is exactly the same as the relative frequency in the original sample. This
specific process is often used to model the PCR procedure.
Lemma 4. Let {Xt } and {Yt } be two independent branch processes with the
following properties:
1. Xt+1 = Xt + Ut , where Ut follows a binomial distribution with parameters (Xt , λ), for 0 < λ < 1.
2. Yt+1 = Yt +Vt , where Vt follows a binomial distribution with parameters
(Yt , λ).
Let Pt+1 =

Xt+1
Xt
and Pt =
, then:
Xt+1 + Yt+1
Xt + Yt

E[Pt+1 |Pt ] = Pt

(3.1)

It is easy to see that {Pt } for t = 0, 1, · · · is a martingale, with respect to
{σ(P0 ), σ(P0 , P1 ), · · ·}, the sigma fields generated by P0 , (P0 , P1 ), etc. Hence
for any r > 0, we have:
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E[Pr |P0 ] = P0

(3.2)

From now on we shall make no specific assumptions about the distribution of the amplification factor. In most cases, we only assume that the
amplification factor has positive mean and finite variance, as required by
the definition of SAR.
To get the asymptotic distribution of the relative frequencies in the intermediate sample, we begin with a simpler case, where the original sample
has two categories. Let the mean and the variance of the amplification factor
be µ and σ 2 respectively, and the absolute frequencies of the first and the
second categories in the original sample be n and rn respectively. Then the
following theorem gives the asymptotic distribution of the relative frequency
of the first category in the intermediate sample.
Theorem 5. Given a sequence of i.i.d. nonnegative random variables X1 ,
· · ·, such that E[Xi ] = µ > 0, and Var(Xi ) = σ 2 . Let rn be a sequence of
positive integers such that n ≤ rn ≤ M n for some fixed M . Then:
3

(n + rn ) 2
√
nrn
where pn =

n
n + rn




 Pn
σ2
i=1 Xi
=⇒
N
0,
−
p
Pn+rn
n
µ2
j=1 Xj

(3.3)

If the amplification process is nondecreasing and bounded, then the
amplification factor is bounded from below by a positive value, and also
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bounded from above. It can be shown that in this caes the variance of the
relative frequency of the first category also converges.
Corollary 3. Given the same condition as in Theorem 5, if E[Xi4 ] < ∞,
then:

(n + rn )3
E
nrn


 Pn
2 
σ2
i=1 Xi
− pn
→ 2
Pn+rn
µ
j=1 Xj

(3.4)

In the proof of Theorem 5, for convenience, we assume that n ≤ rn ≤ M n
for some M . This assumption is dropped in the following corollary.
Corollary 4. If in Theorem 5 and Corollary 3, instead of requiring n ≤
rn ≤ M n, we require that Ln ≤ rn ≤ M n, where L is some positive real
number, the conclusions still hold.

The following corollary is obvious.
Corollary 5. In Corollary 3, if we further assume that pn =

n
→ p,
n + rn

where 0 < p < 1, then:

E



√


 Pn
i=1 Xi
− pn
→0
n + rn Pn+rn
j=1 Xj

2 

 Pn
p(1 − p)σ 2
i=1 Xi
→
− pn
E (n + rn ) Pn+rn
µ2
j=1 Xj

(3.5)

(3.6)
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Now we can give the asymptotic distribution of the relative frequencies
of multiple categories in the intermediate sample, conditional on the original
sample.
Theorem 6. Theorem 5 can be generalized in the following way:
Given a sequence of independent nonnegative random variables X1 , · · ·,
such that E[Xi ] = µ > 0, and Var(Xi ) = σ 2 . For n = 1, · · ·, let Nn,1 , · · ·,
Nn,k+1 be positive integers such that n = Nn,1 ≤ Nn,i ≤ M n, i = 1, · · ·,
P
Nn,i
k + 1, for some fixed M . Let Nn = k+1
for i = 1,
i=1 Nn,i , and pn,i =
Nn

· · ·, k + 1. Define Σn as:




Σn = 


pn,1 (1−pn,1 )
−pn,1 pn,2
···
−pn,1 pn,k
−pn,2 pn,1
pn,2 (1−pn,2 ) · · ·
−pn,2 pn,k
..
..
..
..
.
.
.
.
−pn,k pn,1
−pn,k pn,2
· · · pn,k (1−pn,k )







With the convention that Nn,0 = 0, for i = 1, · · ·, k + 1, define:

Yn,i =

√

Nn µ
σ

 PNn,1 +···+Nn,i

j=Nn,0 +···+NN,i−1 +1 Xj
PNn
j=1 Xj

Then:

− pn,i



−1

Σn 2 Y n =⇒ N (0, I k )

(3.7)

where Y n = (Yn,1 , · · · , Yn,k )T , and I k is the k × k identity matrix.
In Theorems 5 and 6, we assume the amplification factors of all elements
are identically distributed. It is possible to generalize the two theorems to
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allow the amplification factors for elements belonging to different categories
to have different distributions. Let µi and σi2 be the mean and the variance
of the amplification factor for the ith category respectively. Under the new
condition, the relative frequency of the ith category converges to qn,i =
PNn,1 +···+Nn,i

Xj
p  j=N
Nn,i µi
n,0 +···+NN,i−1 +1
0
. Define Yn,i = Nn
− qn,i , then
PNn
Pk+1
j=1 Xj
j=1 (Nn,j µj )
−1

there is a matrix Σ0n such that Σ0 n 2 (Yn,1 , · · · , Yn,k )T =⇒ N (0, I k ).

Unfortunately, the matrix Σ0n is much more complicated than Σn . For
example, the first element of the first column of Σ0n is:
Pk+1
2
2
(1 − qn,1 )2 pn,1 σ12 + qn,1
i=2 pn,i σi
and the second element of the first column is:
−(1 − qn,1 )qn,2 pn,1 σ12 − (1 − qn,2 )qn,1 pn,2 σ22
P
2
+ qn,1 qn,2 k+1
i=3 pn,i σi

The following corollaries are generalizations of corollaries 3, 4 and 5

respectively.
Corollary 6. In Theorem 6, if E[Xi4 ] < ∞ and Xi ≥ c > 0, then the
−1

covariance matrix of Σn 2 Y Tn converges to I k , where Y Tn = (Yn,1 , · · · , Yn,k )T .

Corollary 7. If in Theorem 6 and Corollary 6, instead of requiring n =
Nn,1 ≤ Nn,i ≤ M n, we require that Ln ≤ Nn,i ≤ M n, where L is some
positive real number, the conclusions still hold.

Corollary 8. If in Theorem 6, we assume that Σn → Σ, then:
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(Yn,1 , · · · , Yn,k )T =⇒ N (0, Σ)

3.3

(3.8)

Asymptotic distribution of the SAR sample

Theorems 5 and 6 give the asymptotic distribution of the relative frequencies
in the intermediate sample conditional on the original sample. The asymptotic distributions for the relative frequencies in the original sample, and
the relative frequencies in the final sample conditional on the intermediate
sample, are straightforward: Both the relative frequencies in a multinomial
sample and the relative frequencies in a multivariate hypergeometric sample
converge weakly to multivariate normal. More precisely, let X be a k dimensional random vector following a multivariate hypergeometric distribution
with parameters (N ; N1 , · · · , Nk ; n), where N is the population size, and n is
the sample size. Let n/N = β, Ni /N = pi and p = (p1 , · · · , pk )T . Fixing p
and β, as n → ∞, (X − np) =⇒ N (0, (1 − β)nΣp ), where Σp is the covariance matrix of a multinomial distribution with parameters (1; p1 , · · · , pk ).
(For a general proof, see Hajek (1960).) We need to put these pieces together to get the marginal asymptotic distribution of the relative frequencies in the final sample. The basic idea is to show, under certain conditions, that conditional convergence implies marginal convergence. More
precisely, consider two sequences of random variables Xi and Yi , as well
as two random variables X and Y .

We say Yi converges to Y condi-

tional on Xi if 1), Xi converges weakly to X, and 2), there are versions
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of P (Yi ≤ y|Xi = x) and a Borel set A such that µX (A) = 1 and for each
fixed x ∈ A, P (Yi ≤ y|Xi = x) → P (Y ≤ y|X = x), where µX is the measure induced by X. The goal is to find a sufficient condition to guarantee
Yi =⇒ Y .
To do so, we first introduce a new concept called the dual distribution
function (ddf). The dual distribution functions are defined in a similar way
as the distribution functions so that the dual distribution functions could
share some properties, such as the uniform convergence, of the distribution
functions.
Definition 2. A nonnegative function G on Rk is called a dual distribution
function if it satisfies the following conditions:
• G is continuous from below.
• G is decreasing.
• Let x = (x1 , · · · , xk )k , and i ∈ {1, · · · , k}. If for some i, xi → ∞, then
G(x) → 0. If xi → −∞ for all i, then G(x) → 1.
It is easy to check the following properties of a dual distribution function:
Proposition 1. A dual distribution function G on Rk determines uniquely
a probability measure µ such that

µ({x : x1 ≥ y1 , · · · , xk ≥ yk }) = G(y)
for any y = (y1 , · · · , yk )T ∈ Rk .
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Note that if F is the distribution function corresponding to a measure µ,
then the dual distribution function G for µ in general is not equal to 1 − F .
More precisely, we have:
Proposition 2. G = 1 − F if and only if F is a continuous distribution
function on R.
The following lemma is an extension of the well known theorem of the
uniform convergence of the distribution functions on R. (For example, see
Theorem 7.6.2 of Ash and Doleans-Dade (2000).)
Lemma 5. Consider a continuous distribution function F defined on Rk .
If there is a sequence of distribution functions {Fn } converge weakly to F ,
then Fn converges to F uniformly.
The following corollary shows the uniform convergence of the dual distribution functions on Rk .
Corollary 9. If G is a continuous dual distribution function, and a sequence of dual distribution functions Gn pointwise converge to G. Then Gn
converges to G uniformly.
Corollary 9 and the following lemma will be called the lemmas of conditional convergence. Together they give a sufficient condition for conditional
convergence, but they can also be used independently.
Lemma 6. Consider random variables {X n }, X, {Y n } and Y . Let µn and
µ be the measures induced by X n and X respectively. Suppose the following
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conditions are satisfied:
1. X n =⇒ X, and X has a continuous distribution function.
2. For any fixed y and for all n, there is a µn measurable function Gn,y =
P (Y n ≤ y|X n = x) a.s.[µn ] such that Gn,y → P (Y ≤ y|X = x)
uniformly, and P (Y ≤ y|X = x) is continuous in x.
Then Y n =⇒ Y .

Now we can derive the asymptotic distribution for the relative frequency
of a category in the final sample of an SAR scheme.
Theorem 7. Consider the following SAR scheme: The original sample is
a binomial sample with parameters (m, p), where m is the sample size, and
p the relative frequency of the elements belonging to the first category in the
population. The mean and the variance of the amplification factor for the
amplification process are µ and σ 2 respectively. Let Mm be the intermediate
sample size. The final sample of size Nm is drawn without replacement from
the intermediate sample, where Nm is a random variable such that, for some
0 < γ < µ, Nm = Mm if M ≤ γm and Nm = γm otherwise. (In this SAR
scheme, if the intermediate sample size Mm is less than or equal to γm, then
the whole intermediate sample is taken as the final sample. Otherwise, a final
sample of size γm will be drawn without replacement from the intermediate
sample.) Suppose Zm is the count of elements belonging to the first category
in the final sample. Then as m → ∞,
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Zm
where cm



=⇒ N Nm p, Nm cm p(1 − p)

(3.9)



Nm Nm
σ2
=1−
+
1 + 2 is called the normalizing factor of
mµ
m
µ

the SAR sample.

We note that the assumption that the original sample is binomial is not
essential to our proof. If it is hypergeometric with the ratio of the sample to
population being δm , the above result still holds, with the exception that the


Nm Nm
σ2
normalizing factor now is changed to cm = 1 −
+
1 − δm + 2
mµ
m
µ
It seems reasonable to conjecture that Theorem 7 could be extended to

the multivariate SAR samples, where the original samples are multinomial
or multivariate hypergeometric, and the final samples are multivariate hypergeometric conditional on the intermediate samples. Let X m and Z m
be the counts of first k categories of elements in the original sample and
the final sample respectively. To show the asymptotic normality of Z m ,
we would only need to show the asymptotic normality of Z m given X m .
One approach would be to prove directly the asymptotic normality by the
lemmas of conditional convergence. Another approach would be using the
Cramer-Wold’s theorem, i.e., showing the appropriate asymptotic normality
of uT Z for an arbitrary u = (u1 , · · · , uk )T conditional on X m . We tried
both approaches, but were unable to get the desired result. Here we shall
leave the multivariate version of Theorem 7 as a conjecture.
Although it is difficult to extend Theorem 7 to the multivariate SAR
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sample with the final sample obtained by drawing without replacement, we
could show the asymptotic normality of the multivariate SAR sample if the
final sample is drawn with replacement from the intermediate sample:
Theorem 8. Consider a multinomial sample of size m drawn from a population of k + 1 categories of elements with relative frequencies p1 , · · ·, pk ,
P
and 1 − ki=1 pi respectively. Suppose each element of the multinomial sam-

ple is subject to i.i.d. amplification processes such that the mean and vari-

ance of the amplification factor are µ and σ 2 respectively. A sample of size
nm is then drawn with replacement from the intermediate sample. Suppose
Z m = (Zm1 , · · · , Zmk )T is the relative frequencies of the first k categories in
the final sample. As m, nm → ∞, we have:
1
cm Σp )
(3.10)
nm


nm
σ2
= 1+
1 + 2 , and Σp is a matrix
m
µ

Z m ∼ N (p,
where p = (p1 , · · · , pk )T , cm

with σp,ii = pi (1 − pi ) and σp,ij = −pi pj for i 6= j.

Like Theorem 6, Theorem 8 can be generalized to allow different distributions of the amplification factors for elements belonging to different
categories. Let µi be the mean of the amplification factor for the ith category, and Xi the relative frequency of the ith category in the original sample.

T
µ1 X1
µk Xk
We can get the asymptotic distribution of Pk+1
, · · · , Pk+1
i=1 µi Xi
i=1 µi Xi
by the delta method. The generalized version of Theorem 6 is also needed.
Otherwise, the proof of Theorem 8 remains largely unchanged. Of course,

72 CHAPTER 3. SAMPLING, AMPLIFICATION, AND RESAMPLING
in this case, the covariance matrix for the asymptotic distribution of the
relative frequencies will be extremely complicated.
The asymptotic results of Theorems 7 and 8 imply that the relative
frequencies in a SAR sample are consistent estimators of the relative frequencies in the population. In particular, if the amplification factor is the
simple type branch process described in Lemma 4, the relative frequencies
in a SAR sample are indeed unbiased estimators of the relative frequencies
in the population.

3.4

Discussion

In this chapter we have derived the asymptotic distribution of the relative
frequencies in the final sample. It is interesting to note that there is a striking
similarity between the asymptotic distribution of the relative frequencies of
the categories in the final sample of an SAR sample, and the asymptotic
distribution of the relative frequencies in a multinomial sample. Let Z be
the relative frequencies of the categories in an SAR sample, according to


cm
Σp , where nm is the size of the final
Theorem 8, (Z m − p) =⇒ N 0,
nm

sample, cm the normalizing factor, and p the relative frequencies of the
categories in the population. Thus, asymptotically Zm behaves like the
relative frequencies in a multinomial sample of size

nm
drawn from the
cm

same population. This observation leads immediately to tests of whether
a category has the same relative frequency in two or more populations. In
particular, we can extend the traditional χ2 test or the G test for association
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in contingency tables in the following way:

Suppose we have drawn k SAR samples from k populations respectively.
Let n1 , · · ·, nk and c1 , · · ·, ck be be the sizes and the normalizing factors
for the k samples. Suppose Z1 , · · ·, Zk are the counts of elements belonging
to a specific category in the k final samples. Under the null hypothesis that
this category has the same relative frequency in all the k populations, the
following two test statistics both have asymptotically a χ2k−1 distribution:

X2 =


2
Zi − ni p̂
k
X
i=1

2

G = −2
Ps

where p̂ = Pki=1

Zi /ci

ci ni p̂

k
X
Zi
i=1

ci

log

Zi
ni p̂i

j=1 nj /cj
The above tests could be easily extended to tests for whether a set of cat-

egories all have constant relative frequencies in a set of populations. In the
cases where Z1 , · · ·, Zk are small, it is preferred to use bootstrap method to
get the distribution of the test statistics, rather than relying on the asymptotic distribution.
The asymptotic results also show the possible consequences of treating
SAR samples as multinomial samples. According to Theorems 7 and 8,
asymptotically the covariance matrix of a SAR sample is exactly c times
the covariance matrix of a multinomial sample of the same size from the
same population, where c is the normalizing factor of the SAR sample.
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Therefore, as long as c is close to 1 (c is always greater than 1), it might
be just fine, and even convenient, to treat the SAR sample as if it were
multinomial. For example, suppose we are given k SAR samples from k
populations, and asked to test the null hypothesis that a certain category
has the same relative frequency in all the k populations, we could simply use
the traditional χ2 or G2 tests, and which are approximately χ2k−1 distributed
under the null hypothesis. However, when c is large, the multinomial model
will significantly underestimate the variance of the SAR sample. In this
case, the values of the traditional χ2 and G2 statistics are much higher than
that of the test statistics modified for the SAR samples, which are indeed
χ2k−1 distributed under the null hypothesis. In such a situation, a traditional
level α test based on the multinomial model will actually have a type I error
rate much higher than α when applied to the SAR samples.
Another interesting consequence of the linear relation between the covariance matrix of the SAR sample and the multinomial sample is that, from
an informational point of view, we can estimate the effective size of a SAR
sample. Recall that a k dimensional multinomial sample of size n is a collection of n iid random vector conditional on the parameter p = (p1 , · · · , pk )T
P
with pi ≥ 0 and ki=1 pi = 1. The mean of each random vector is p, and the
covariance matrix is Σp with σp,ii = pi (1 − pi ) and σp,ij = −pi pj for i 6= j.

Let us call such a random vector a unit multinomial vector. Note that the
mean and the covariance matrix of a unit multinomial random vector are
highly constrained and dependent with each other. This is entirely different
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than a k dimensional multivariate normal random vector, whose mean could
be any k dimensional real vector, and the covariance matrix could be any
positive semi-definite matrix, where the mean and the covariance matrix are
totally independent.
The strict dependence between the mean and the covariance of a multinomial distribution makes it possible to measure the information carried by
a sample. In general, we can define the effective sample size of a categorical
data set in the following way.
Definition 3. Consider a sequence of k dimensional random vectors {X n },
each of which represents a k × 1 contingency table S n . Suppose that X n
converges weakly:

√

n



Xn
−p
n



=⇒ N (0, cΣp )

Then we say that the (asymptotically) effective sample size of the sample
S n is

n
.
c

This definition does not apply to the continuous data, because nothing
can prevent us from scaling those data. However, for the contingency tables,
there is an unambiguous natural unit: count. Using the above definition,
the effective sample size of a multinomial sample of size n is still n. For a
hypergeometric sample with parameters (N, M, n), the effective sample size
is n

N
. If M is close to N , the effective sample size of a hypergeometric
N −M

sample of size n is close to n. On the other hand, if N  M , the effective
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sample size will be much larger.
The effective sample size measures the amount of information about the
relative frequencies of each cell/category of a contingency table carried by
a sample compared to a unit multinomial vector, and it is closely related
to the Fisher Information. For example, the Fisher information for a binomial sample with parameters (n, p) is
effective sample size n.

3.5

n
, which is proportional to the
p(1 − p)

Appendix: Proofs

Proofs for section 2
Lemma 4. Let {Xt } and {Yt } be two independent branch processes with the
following properties:
1. Xt+1 = Xt + Ut , where Ut follows a binomial distribution with parameters (Xt , λ), for 0 < λ < 1.
2. Yt+1 = Yt +Vt , where Vt follows a binomial distribution with parameters
(Yt , λ).
Let Pt+1 =

Xt+1
Xt
and Pt =
, then:
Xt+1 + Yt+1
Xt + Yt

E[Pt+1 |Pt ] = Pt

(3.11)

Proof: Without loss of generality, let t = 0. The joint distribution of (X1 , Y1 )
given X0 and Y0 is:
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P (X1 = x, Y1 = y|X0 , Y0 )




X0
Y0
x−X0
2X0 −x
=
λ
(1 − λ)
λy−Y0 (1 − λ)2Y0 −y
x − X0
y − Y0
where X0 ≤ x ≤ 2X0 , and Y0 ≤ y ≤ 2Y0 .
Let u = x − X0 , v = y − Y0 , and P1 =

X1
, the conditional mean of
X1 + Y1

P1 given X0 and Y0 is:

E[P1 |X0 , Y0 ]
=

Y0
X0 X
X
u=0 v=0

  
u + X0
X0 Y0 u+v
λ
(1−λ)X0 −u+Y0 −v
u + v + X0 + Y0 u
v

 
k1
Let c = u + v, with the convention that
= 0 if k1 < k2 , the above
k2

formula can be written as:

E[P1 |X0 , Y0 ]

XX
c
0 +Y0 X


 
Y0
X0
u + X0
λc (1 − λ)X0 +Y0 −c
c−u
c + X0 + Y0 u
c=0 u=0
 

XX
c
0 +Y0
λc (1 − λ)X0 +Y0 −c X
X0
Y0
=
(u + X0 )
c + X0 + Y0
u
c−u

=

c=0

u=0


  X
x  
m n−m
n
, and the fact that
Finally, by the identity
=
i
x−i
x
i=0
 

m n−m
x
X
m
i
x−i
 
= x, we have:
i
n
n
i=0
x
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E[P1 |X0 , Y0 ]
=

XX
0 +Y0
c=0

=



1
X0
X0 + c
λc (1 − λ)X0 +Y0 −c
c + X0 + Y0
X0 + Y0

X0
= P0
X0 + Y0

Given that σ(P0 ) ⊂ σ(X0 , Y0 ), it then follows that:

E[P1 |P0 ] = E[E[P1 |X0 , Y0 ]|P0 ] = P0

Theorem 5. Given a sequence of i.i.d. nonnegative random variables X1 ,
· · ·, such that E[Xi ] = µ > 0, and Var(Xi ) = σ 2 . Let rn be a sequence of
positive integers such that n ≤ rn ≤ M n for some fixed M . Then:
3

(n + rn ) 2
√
nrn
where pn =

n
n + rn



 Pn

σ2
i=1 Xi
− pn =⇒ N 0, 2
Pn+rn
µ
j=1 Xj

(3.12)

Proof: Because n ≤ rn ≤ M n, for any n, there is a positive integer mn such
that mn n ≤ rn ≤ [mn + 1]n, where 1 ≤ mn < M . Moreover, we can find
n + 1 integers:

0 = qn,0 < qn,1 < qn,2 · · · < qn,n = rn
such that qn,i+1 − qn,i is either mn or mn + 1. Create a triangular array of
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random variables Yi,j such that the nth row of the array has n elements Yn,1 ,
· · ·, Yn,n , where:

Yn,i = (1 − pn )Xi − pn



qn,i +n

X

Xj

j=qn,i−1 +n+1



−[(1 − pn ) − pn (qn,i − qn,i−1 )]µ
It follows immediately that for each n, Yn,1 , · · ·, Yn,n are independent,
and E[Yn,i ] = 0. Let

Sn =
s2n

=

n
X

i=1
n
X
i=1

Let Zn,i = Xi +

Yn,i =

n
X
i=1

Xi − pn

n+r
Xn
j=1

Xj



X

n
Yn,i = n(1 − pn )σ 2
Var(Yn,i ) = Var
i=1

Pqn,i−1 +n+M +1
j=qn,i−1 +n+1

Xj + 2µ. It is easy to check that |Yn,i | ≤

Zn,i = |Zn,i |, (because Xi ≥ 0 and pn (qn,i − qn,i−1 ) ≤ 1). Also, the distribuP +2
tion of Zn,i is independent of n, and is the same as that of M
j=1 Xj + 2µ.

2 is integrable, hence for any  > 0, as n → ∞,
Therefore, Zn,i

Z

|Zn,i |>σ

√

n(1−pn )

2
Zn,i
dP → 0

(note that pn ≤ 0.5). It then follows that:

Z
Z
n
n
X
X
1
1
2
Y dP ≤
Y 2 dP
s2n |Yn,i |>sn  n,i
s2n |Zn,i |>sn  n,i
i=1

i=1
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Z
Z
n
X
1
n
2
Z dP =
Z 2 dP
≤
s2n |Zn,i |>sn  n,i
n(1 − pn )σ 2 |Zn,1 |>sn  n,1
i=1
Z
2
≤
Z 2 dP
σ 2 |Zn,1 |>sn  n,1
Z
2
Zn,1
dP → 0 as n → ∞
where
|Zn,1 |>sn 

By the Central Limit Theorem,

Sn
=⇒ N (0, 1)
sn
On the other hand, by the Strong Law of the Large Number,
Pn+rn
i=1

Xi

n + rn

→ µ w.p.1

Consequently,

3


 Pn
i=1 Xi
− pn
Pn+rn
j=1 Xj
Sn
µ
=⇒ N (0, 1)
n+r
sn
Xn
1
Xi
n + rn

µ(n + rn ) 2
√
σ nrn
=

i=1


Corollary 3. Given the same condition as in Theorem 5, if E[Xi4 ] < ∞,
then:

(n + rn )3
E
nrn


2 
 Pn
σ2
i=1 Xi
→ 2
− pn
Pn+rn
µ
j=1 Xj

(3.13)
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Proof: From Theorem 5, we have:

 Pn
2
σ2
i=1 Xi
−
p
=⇒ 2 χ21
Pn+rn
n
µ
j=1 Xj

2+ 
|Sn |
It suffices to show sup E √
< ∞ for some  > 0. Actually,
n + rn
n
we shall prove the case for  = 2.
(n + rn )3
nrn


4 
|Sn |
E √
n + rn

4 
n+r
n
X
Xn
1
E (1 − pn )
Xi − pn
Xj
=
[n + rn ]2
i=1

=
=

1
[n + rn ]

i=1

1
[n + rn ]2
+

n+r
Xn

j=n+1

+2

n−1
X

X
n
i=1

(1 − pn )4 E[(Xi − µ)4 ]

n
X

(1 − pn )4 E[(Xi − µ)2 ]E[(Xj − µ)2 ]

n+r
n −1 n+r
Xn
X

i=n+1 j=i+1

+

n n+r
Xn
X

i=1 j=n+1

=

j=n+1

p4n E[(Xj − µ)4 ]

i=1 j=i+1

+2

j=n+1


4 
n+r
n
X
Xn
(Xi − µ) − pn
E (1 − pn )
(Xj − µ)
2

p4n E[(Xi − µ)2 ]E[(Xj − µ)2 ]

p2n (1

2

2

2

− pn ) E[(Xi − µ) ]E[(Xj − µ) ]



1
{n(1 − pn )4 E[(X1 − µ)4 ] + rn p4n E[(X1 − µ)4 ]
[n + rn ]2
+n(n − 1)(1 − pn )4 σ 4 + [n + rn ][n + rn − 1]p4n σ 4
+n[n + rn ]p2n (1 − pn )2 σ 4 }
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< E[(X1 − µ1 )4 ] + σ 4
Given that E[(X1 )4 ] < ∞,

4 
|Sn |
√
sup E
≤ E[(X1 − µ1 )4 ] + σ 4 < ∞
n
+
r
n
n
Pn+rn
i=1 Xi
≥ c. Also we have (n + rn )2 ≤
Note that Xi ≥ c > 0, hence
n + rn

2(M + 1)nrn . It then follows that:


4 
3
(n + rn ) 2
Sn
sup E
√
Pn+rn
nrn
n
i=1 Xi

4 
2
|Sn |
4(M + 1)
≤
sup E √
<∞
c4
n + rn
n
 Pn
2
(n + rn )3
i=1 Xi
− pn
is uniformly integrable, hence
Therefore
Pn+rn
nrn
j=1 Xj
σ2
its mean converges to 2 .
µ

Corollary 4. If in Theorem 5 and Corollary 3, instead of requiring n ≤
rn ≤ M n, we require that Ln ≤ rn ≤ M n, where L is some positive real
number, the conclusions still hold.
Proof: First we note that if rn < n, then:

3

 Pn

i=1 Xi
− pn
Pn+rn
j=1 Xj

3  Pn+rn
rn
(rn + n) 2
i=n+1 Xi
−
= − √
Pn+rn
rn n
rn + n
j=1 Xj

(n + rn ) 2
√
nrn
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We also note that if X ∼ N (0, 1), then −X ∼ N (0, 1).


Theorem 6. Theorem 5 can be generalized in the following way:
Given a sequence of independent nonnegative random variables X1 , · · ·,
such that E[Xi ] = µ > 0, and Var(Xi ) = σ 2 . For n = 1, · · ·, let Nn,1 , · · ·,
Nn,k+1 be positive integers such that n = Nn,1 ≤ Nn,i ≤ M n, i = 1, · · ·,
P
Nn,i
k + 1, for some fixed M . Let Nn = k+1
for i = 1,
i=1 Nn,i , and pn,i =
Nn

· · ·, k + 1. Define Σn as:




Σn = 


pn,1 (1−pn,1 )
−pn,1 pn,2
···
−pn,1 pn,k
−pn,2 pn,1
pn,2 (1−pn,2 ) · · ·
−pn,2 pn,k
..
..
..
..
.
.
.
.
−pn,k pn,1
−pn,k pn,2
· · · pn,k (1−pn,k )







With the convention that Nn,0 = 0, for i = 1, · · ·, k + 1, define:

Yn,i =

√

Nn µ
σ

 PNn,1 +···+Nn,i

j=Nn,0 +···+NN,i−1 +1 Xj
PNn
j=1 Xj

Then:

− pn,i

−1

Σn 2 Y n =⇒ N (0, I k )



(3.14)

where Y n = (Yn,1 , · · · , Yn,k )T , and I k is the k × k identity matrix.
Proof: Σn is the covariance matrix for a k-dimensional vector (V1 , · · · , Vk )
P
where (V1 , · · · , Vk , 1 − ki=1 Vi ) has a multinomial distribution with param

Nn,k+1
Nn,1
−1
eters 1;
,···,
. Thus, Σn is positive definite, and Σn 2 exists.
Nn
Nn
Now define random vectors Z n = (Zn,1 , · · · Zn,k ) by:
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Zn,i = Yn,i
=

PNn

j=1 Xj

Nn µ


1
√
σ Nn

Nn,1 +···+Nn,i

X

j=Nn,0 +···+NN,i−1 +1

Xj − pn,i

Nn
X
j=1

Xj



It is easy to check that Σn is the covariance matrix of the random vector
(Zn,1 , · · · , Zn,k )T . Now let u = (u1 , · · · , uk )T be any k-dimensional vector.
Using the similar method used in the proof of Theorem 1, we can decompose
√
−1
Nn uT Σn 2 Z n into the sum of n independent random variables U1 , · · ·, Un
with zero mean such that the Lindeberg’s condition is satisfied. This is
−1

possible because the absolute value of each entry of Σn 2 is bounded from
above by 1. The basic idea is:
√
−1
First, write Nn uT Σn 2 Z n as:
Nn
X
p
−1
cj X j
Nn uT Σn 2 Z n =
j=1

− 12

Given that entries of Σn are bounded between -1 and 1, it can be shown
P
that σ|cj | ≤ 2 ki=1 |ui |. Suppose rn n ≤ Nn ≤ (rn + 1)n. Clearly, rn ≤ M .

Now we can find a sequence of n + 1 integers

0 = qn,0 < qn,1 < · · · < qn,n = Nn
such that rn ≤ qn,i+1 − qn,i ≤ rn + 1. Define Ui as:

Ui =

qn,i
X

j=qn,i−1 +1

cj X j −

qn,i
X

j=qn,i−1 +1

cj
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Then it is easy to check that the Lindeberg’s condition is satisfied. That
P
is, let s2n = Var( nj=1 Uj ), as n → ∞,
Z
n
X
1
U 2 dP → 0
s2n |Ui |>sn  i
i=1

It then follows:
√

−1

Nn uT Σn 2 Z n
=⇒ N (0, 1)
sn
−1

Now because the covariance matrix for Σn 2 Z n is the identity matrix I k ,

s2n

p

k
X
1
T −2
Nn u Σn Z n = Nn
= Var
u2i
i=1

Therefore,

u

T

−1
Σn 2 Z n

 X

k
2
=⇒ N 0,
ui
i=1

which is the same as the distribution of uT Z, where Z ∼ N (0, I k ).
Thus,

−1

Σn 2 Z n =⇒ N (0, I k )
Because

PNn

j=1 Xj

Nn µ

→ 1 w.p.1., it then follows that, for any k-dimensional

vector u = (u1 , · · · , uk )T ,

T

u

−1
Σn 2 Y n

T

=u

PNn

j=1 Xj

Nn µ

−1

Σn 2 Z n =⇒ uT N (0, I k )
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Corollary 6. In Theorem 6, if E[Xi4 ] < ∞ and Xi ≥ c > 0, then the
−1

covariance matrix of Σn 2 Y Tn converges to I k , where Y Tn = (Yn,1 , · · · , Yn,k )T .
4 ] < ∞ for i = 1, · · ·, k +1. Therefore, for any
Proof: From Corollary 3, E[Yn,i

u = (u1 , · · · , uk )T , E[(uT Y n )4 ] < ∞. Thus the variance of uT Y n converges
to the variance of the distribution µ if uT Y n =⇒ µ.

Corollary 7. If in Theorem 6 and Corollary 6, instead of requiring n =
Nn,1 ≤ Nn,i ≤ M n, we require that Ln ≤ Nn,i ≤ M n, where L is some
positive real number, the conclusions still hold.
Proof: The proofs in Theorem 6 and Corollary 6 depend only on the assumption that there is a fixed number M such that M min(Nn,1 , · · · , Nn,k+1 ) ≥
min(Nn,1 , · · · , Nn,k+1 ).


Proofs for section 3
Lemma 5. Consider a continuous distribution function F defined on Rk .
If there is a sequence of distribution functions {Fn } converge weakly to F ,
then Fn converges to F uniformly.
Proof: Let the measures corresponding to F and Fn be µ and µn respectively.
Define a compact set Ca as Ca = {(x1 , · · · , xk )T : |x1 | ≤ a, · · · , |xk | ≤ a}.
Note that F is uniformly continuous on Ca . For any  > 0, choose an a such
that µ(Cac ) < . Then we can find a finite number of compact sets B1 , · · ·,
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Bm such that
1 ≤ i ≤ m.

Sm

i=1 Bi

= Ca and that maxx, y ∈Bi (|F (x) − F (y)|) ≤  for all

Let xi,max and xi,min be the maximum and the minimum points in Bi .
Because Fn =⇒ F , we can find an N () such that for all n ≥ N (), and
for all 1 ≤ i ≤ m,

|Fn (xi,max ) − F (xi,max )|) ≤ 
|Fn (xi,min ) − F (xi,min )|) ≤ 
|µn (Ca ) − µ(Ca )| ≤ 
It then follows that, for all n ≥ N (), |Fn (x)−F (x)| ≤ 3 for any x ∈ Ca ,
and µn (Cac ) ≤ 2.
For any x = (x1 , · · · , xk )T ∈ Rk , define a set

Lx = {y = (y1 , · · · , yk ) : y1 ≤ x1 , · · · , yk ≤ xk }
Note that for any x, µn (Lx ) = Fn (x), and µ(Lx ) = F (x). Let a =
(a, · · · , a)T . Now let us consider the following two situations:
• Suppose Ca ∩ Lx = ∅, then we have:
|Fn (x) − F (x)| = |µn (Lx ) − µ(Lx )| ≤ 2.
• Suppose Ca ∩ Lx = Ca,x 6= ∅. Clearly, Ca,x is compact, hence has
a maximum point xa,max . It is easy to see that Lxa,max ⊂ Lx , and
(Lx \ Lxa,max ) ∩ Ca = ∅. Now we have:
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|Fn (x) − F (x)|
= |[µn (Lx\Lxa,max ) + Fn (xa,max )] − [µ(Lx\Lxa,max ) + F (xa,max )]|
≤ |µn (Lx \Lxa,max ) − µ(Lx \Lxa,max )| + |Fn (xa,max ) − F (xa,max )|
≤ 2 + 3 = 5

Corollary 9. If G is a continuous dual distribution function, and a sequence of dual distribution functions Gn pointwise converge to G. Then Gn
converges to G uniformly.
Proof: Similar as the proof for Lemma 5. Note that Gn → G pointwisely
implies that µn =⇒ µ, where µn and µ are the measures determined by Gn
and G.

Lemma 6. Consider random variables {X n }, X, {Y n } and Y . Let µn and
µ be the measures induced by X n and X respectively. Suppose the following
conditions are satisfied:

1. X n =⇒ X, and X has a continuous distribution function.
2. For any fixed y and for all n, there is a µn measurable function Gn,y =
P (Y n ≤ y|X n = x) a.s.[µn ] such that Gn,y → P (Y ≤ y|X = x)
uniformly, and P (Y ≤ y|X = x) is continuous in x.
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Then Y n =⇒ Y .
Proof: It suffices to show that for all y,

Z

P (Y n ≤ y|X n = x) dµn (x) →

Z

P (Y ≤ y|X = x) dµ(x)

or equivalently,

Z

Gn,y dµn (x) →

Z

P (Y ≤ y|X = x) dµ(x)

Fixed y, because Gn,y converges to P (Y ≤ y|X = x) uniformly, for any
 > 0, there is an N () such that for any n ≥ N (),

sup |Gn,y − P (Y ≤ y|X = x)| ≤ 
x
Because µn → µ and P (Y ≤ y|X = x) is bounded and continuous, we
can choose M such that for all n ≥ M ,

Z

P (Y ≤ y|X = x) dµn (x) −

Z

P (Y ≤ y|X = x) dµ(x) < 

Therefore, for all n > max(N , M ),

Z

Z

Gn,y dµn (x) − P (Y ≤ y|X = x) dµ(x)
Z
Z
Gn,y dµn (x) − P (Y ≤ y|X = x) dµn (x)
≤
Z
Z
+ P (Y ≤ y|X = x) dµn (x) − P (Y ≤ y|X = x) dµ(x)
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≤

Z

|Gn,y − P (Y ≤ y|X = x)| dµn (x) +  ≤ 2


Theorem 7. Consider the following SAR scheme: The original sample is
a binomial sample with parameters (m, p), where m is the sample size, and
p the relative frequency of the elements belonging to the first category in the
population. The mean and the variance of the amplification factor for the
amplification process are µ and σ 2 respectively. Let Mm be the intermediate
sample size. The final sample of size Nm is drawn without replacement from
the intermediate sample, where Nm is a random variable such that, for some
0 < γ < µ, Nm = Mm if M ≤ γm and Nm = γm otherwise. (In this SAR
scheme, if the intermediate sample size Mm is less than or equal to γm, then
the whole intermediate sample is taken as the final sample. Otherwise, a final
sample of size γm will be drawn without replacement from the intermediate
sample.) Suppose Zm is the count of elements belonging to the first category
in the final sample. Then as m → ∞,

Zm
where cm = 1 −
the SAR sample.



=⇒ N Nm p, Nm cm p(1 − p)

(3.15)



Nm Nm
σ2
1 + 2 is called the normalizing factor of
+
mµ
m
µ

Proof: Let Xm be the count of elements belonging to the first category in
the original sample, and Ym and Rm be the counts of elements belonging to
the first and the second categories in the intermediate sample respectively.

3.5. APPENDIX: PROOFS

91

By the central limit theorem, as m → ∞:
1
Um = √ (Xm − mp) =⇒ N (0, p(1 − p))
m
Conditional on

Vm =
Wm =

Xm
= x:
m

1
√ (Ym − mµx) =⇒ N (0, σ 2 x)
m
1
√ (Rm − mµ(1 − x)) =⇒ N (0, σ 2 (1 − x))
m

Note that Ym and Rm are independent conditional on Xm , hence conditional on

Xm
= x:
m

1
√ [(1 − x)(Ym − µmx) − x(Rm − µm(1 − x))] =⇒ N (0, σ 2 (1 − x)x)
m
Conditional on

Rm
Ym
= y and
= r:
m
m


 



Nm
yr
1
y
√
=⇒ N 0, 1 −
Zm − Nm
y+r
m(y + r) (y + r)2
Nm
Now we are going to prove the asymptotic normality of Zm in four steps.
1. Conditional on

Xm
= x:
m



1
Nm
√
Xm
Zm −
m
Nm

92 CHAPTER 3. SAMPLING, AMPLIFICATION, AND RESAMPLING




1
1
Nm
Ym
Ym
+√
−
Xm
Zm − Nm
Nm
Ym + Rm
Ym + Rm
m
Nm
Nm


1
Ym
= √
Zm − Nm
Ym + Rm
Nm
√
Nm
+
[(1 − x)(Ym − xmµ) − x(Rm − (1 − x)mµ)]
Ym + Rm
=

√

Conditional on

1
Xm
= x, Vm = √ (Ym − mµx) = v, and Wm =
m
m

1
√ (Rm − mµ(1 − x)) = w, (here x, v, and w are constant, hence
m
independent of m), as m → ∞,

Nm → γm
1
(Nm − γm)
γm
√
√
Nm m
N m
√m
=
Ym + Rm
mµ + m(v + w)
Nm
N
√m
=
Ym + Rm
mµ + m(v + w)
Ym Rm
(Ym + Rm )2
√

Thus, conditional on

→ 0
→
→

√

γ
µ
γ
µ

→ x(1 − x)

Xm
= x, Vm = v, and Wm = w,
m

1
(Zm − γXm ) =⇒ N
√
γm

√




γ
γ
[(1 − x)v − xw], 1 −
x(1 − x)
µ
µ

2. Next we show that conditional on

Xm
= x,
m



 
1
σ2
γ
(Zm − γXm ) =⇒ N 0, 1 − + γ 2 x(1 − x)
√
γm
µ
µ
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First we show that given
√

Xm
= x, the conditional distribution of
m

1
(Zm − γXm ) given Vm = v and Wm = w is a dual distribution
γm

function in (v, −w). This is equivalent to showing that the conditional
distribution of Zm given Ym and −Rm is a dual distribution function
in Ym and −Rm . (The equivalence holds because √

1
(Zm − γXm ),
γm

Vm , and Wm are linear in Zm , Ym , and Rm respectively, and the slopes
of the linear transformations are all positive.)
• First we show P (Zm ≤ z|Ym = ym , −Rm = −rm ) is decreasing
in (ym , −rm ). Because the minimal change in ym or rm is 1, it
suffices to show that, for any z,

P (Zm ≤ z|Ym = ym , −Rm = −rm )
≥ P (Zm ≤ z|Ym = ym + 1, −Rm = −rm )
P (Zm ≤ z|Ym = ym , −Rm = −rm )
≥ P (Zm ≤ z|Ym = ym , −Rm = −rm + 1)
Note that conditional on Ym = ym and Rm = rm , Zm has a
hypergeometric distribution with parameters (ym + rm , ym , Nm ),
where ym + rm is the population size, ym the number of elements
in population belonging to the first category, and Nm the sample
size. Let hN,M,n be the distribution function for a hypergeometric
function with parameters (N, M, n), we need to show, for any
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(N, M, n), and any z:

hN,M,n (z) ≥ hN +1,M +1,n
hN,M,n (z) ≥ hN −1,M,n
– Let F1 = hN,M,n (z), F2 = hN +1,M +1,n , and f1 and f2 be
the probability mass functions corresponding to F1 and F2
respectively:

F1 (z) =
F2 (z) =

z
X

x=0
z
X
x=0

f1 (z) =
f2 (z) =

z
X

x=0
z
X
x=0

M
x

N −M
n−x

N
n


M +1 N −M
x
n−x

N +1
n





Solve the inequality f1 (x) > f2 (x) for 0 ≤ x ≤ min(M, n),
(f1 (x) = 0 for x > min(M, n), and f2 (x) = 0 for x >
min(M + 1, n),) we get:
f1 (x) > f2 (x) if and only if x <
F1 (z) ≥ F2 (z) when z ≤

n
(M + 1). Thus,
N +1

n
(M + 1).
N +1

Also note that if n ≤ M , F1 (n) = 1 = F2 (n), and if n > M ,
then

F1 (M ) = 1 > F2 (M ) = 1 −

N −M
n−M −1

N +1
n

Thus, F1 (z) ≥ F2 (z) for z ≥ min(M, n). For
z < min(n, M ),



n
(M +1) <
N +1
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F1 (z) − F2 (z) > F1 (z + 1) − F2 (z + 1) > · · ·
> F1 (min(n, M )) − F2 (min(n, M )) ≥ 0
because f1 (z) > f2 (z) for

n
(M + 1) < z < min(n, M ).
N +1

– Let F3 = hN −1,M,n , and f3 be the probability mass function
for F3 . To prove F1 (z) ≥ F3 (z), we first solve the inequality
f1 (x) > f3 (x) for 0 ≤ x ≤ min(M, n), and get: f1 (x) > f3 (x)
if and only if x <

nM
.
N

Thus, F2 (z) ≥ F3 (z) for z ≤

nM
. It is also easy to see
N

that F1 (min(n, M )) = 1 = F3 (min(n, M )). Therefore, by a
similar argument as above, we can show that F1 (z) ≥ F3 (z)
for any z.
• The continuity and the proper convergences to 0 and 1 are easy
to satisfy.
Fix a z such that 0 ≤ z < Nm , define:

Gm,z (ym , −rm ) = P (Zm ≤ z|Ym = ym , −Rm = −rm )
Clearly Gm,z is defined for only a countable number of (nonnegative, nonpositive) integer valued pairs of (ym , −rm ). First extend
Gm,z to allow negative integer values for Ym and/or positive integer values for −Rm by defining
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G0m,z (ym , −rm ) = Gm,z (max(0, ym ), min(0, −rm ))
Clearly G0m,z is still decreasing in (ym , −rm ). Now extend G0m,z
to a continuous decreasing function G00m,z . It is easy to check that
G00m,z has the desired limit behavior. That is, it goes decreasingly
to 0 when either ym → ∞ or −rm → ∞, and goes increasingly to
1 when both ym → −∞ and −rm → −∞.
G00m,z is a dual distribution function in (ym , −rm ) such that G00m,z =
P (Zm ≤ z|Ym = ym , −Rm = −rm ) a.s. with respect to the measure in

1
duced by (Ym , −Rm ). Thus, P √
(Zm − γXm ) ≤ z|Vm , Wm can
γm

also be extended to a function Hm,z such that:

Hm,z



1
=P √
(Zm − γXm ) ≤ z|Vm , Wm
γm



a.s.

with respect to the measure introduced by (Vm , −Wm ), and Hm,z is a
dual distribution function in (v, −w).
It is easy to check that the distribution function for a N (µ, σ 2 ) random
variable is a dual distribution function in µ. Moreover, if µ = x−y, this
distribution function is a dual distribution function in (x, −y). Given
that the joint distribution of Vm and Wm converges to a bivariate
normal with mean 0, and the covariance matrix:
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σ2x
0
0 σ 2 (1 − x)



By the lemmas of conditional convergence, the asymptotic normality
of the distribution of √

1
Xm
(Zm −γXm ) conditional on
= x follows
γm
m

immediately.
1
3. Now we show conditional on Um = √ (Xm − mp) = u,
m




γ
1
σ2
√
γu, 1 − + γ 2 p(1 − p)
(Zm − γmp) =⇒ N
√
γm
µ
µ
The argument is similar to the one used in step 1. Basically, conditional on Um = u, as m → ∞

 


u
Xm
u
Xm
1−p+ √
→ p(1 − p)
1−
= p+ √
m
m
m
m
Then we notice that:

√

1
1
√
(Zm − γmp) = √
(Zm − γXm ) + γu
γm
γm

4. Finally, given the asymptotic conditional normality of Zm given Xm ,
and the asymptotic normality of Xm , to derive the asymptotic distribution of Zm using the lemmas of conditional convergence, we only
need to show that the conditional distribution of √

1
(Zm − γmp)
γm

given Um = u is a dual distribution function in u. This is equivalent
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to showing that, conditional on Xm = xm , the distribution function of
Zm is a dual distribution function in xm .
• First, we show that the conditional distribution function of Zm
given Xm = xm is decreasing in xm .
Imagine that we mark each of the m elements in the original
sample with a unique label, say, li for the ith element. Then
after the amplification and the resampling steps, a final sample
of size Nm of the m distinct labels is obtained. The probability
of getting a specific sample is uniquely determined by the size
m of the original sample. Let Cxm ,z be the set of possible final
samples where the total number of labels l1 , · · ·, lxm is less than
or equal to z, and Cxm +1,z the set of possible final samples where
the total number of labels l1 , · · ·, lxm +1 is less than or equal to z.
Now P (Zm ≤ z|Xm = xm ) is simply the probability of getting a
possible final sample s such that s ∈ Cxm ,z , and P (Zm ≤ z|Xm =
xm + 1) is the probability of getting a possible final sample s0
such that s0 ∈ Cxm ,z . Clearly Cxm +1,z ⊂ Cxm ,z , which implies:

P (Zm ≤ z|Xm = xm + 1) ≤ P (Zm ≤ z|Xm = xm )
• As a function of xm , P (Zm ≤ z|Xm = xm ) is defined at finite
points. We can interpolate linearly between these points, and
extend smoothly and increasingly below the smallest point, which
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is 0, so that the function converges to 1 as xm → −∞, and extend
smoothly and increasingly above the largest point, which is m, so
that the function converges to 0 as xm → ∞. Call this extended
function Hm . Clearly, Hm = P (Zm ≤ z|Xm = xm ) a.s. with
respect to the measure introduced by Xm .
Now we have shown that the conditional distribution function of Zm
given Xm = xm is a dual distribution function in xm , hence the conditional distribution function of √

1
(Zm − γmp) given Um = u is
γm

a dual distribution function in u. Given that a normal distribution
function is a dual distribution function in its mean, and the fact that
Um =⇒ N (0, p(1 − p)), by the lemmas of conditional independence,



 
σ2
1
γ
(Zm − γmp) =⇒ N 0, 1 − + γ 2 + γ p(1 − p)
√
γm
µ
µ
Let cm

(3.16)



σ2
1
Nm Nm
1 + 2 , it is easy to check that √
+
(Nm −
=1−
mµ
m
µ
γm

γm) → 0 w.p.1. as m → ∞.


Theorem 8. Consider a multinomial sample of size m drawn from a population of k + 1 categories of elements with relative frequencies p1 , · · ·, pk ,
P
and 1 − ki=1 pi respectively. Suppose each element of the multinomial sam-

ple is subject to i.i.d. amplification processes such that the mean and vari-

ance of the amplification factor are µ and σ 2 respectively. A sample of size
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nm is then drawn with replacement from the intermediate sample. Suppose
Z m = (Zm1 , · · · , Zmk )T is the relative frequencies of the first k categories in
the final sample. As m, nm → ∞, we have:
1
cm Σp )
(3.17)
nm


nm
σ2
= 1+
1 + 2 , and Σp is a matrix
m
µ

Z m ∼ N (p,
where p = (p1 , · · · , pk )T , cm

with σp,ii = pi (1 − pi ) and σp,ij = −pi pj for i 6= j.

Proof: The general idea is similar to the proof of Theorem 7. Below is an
outline.
Let X m = (Xm1 , · · · , Xmk )T and Y m = (Ym1 , · · · , Ymk )T be the relative
frequencies of the first k categories in the original sample and the intermediate sample respectively. Let

nm
= γm . By the central limit theorem for
m

the multinomial data, and Theorem 6 of the asymptotic distribution of the
ratio in amplification, as m, nm → ∞:
√

m(X m − p) =⇒ N (0, Σp )

Conditional on Xm = x:

√



σ2
m(Y m − x) =⇒ N 0, 2 Σx
µ

where Σx is a matrix with σx,ii = xi (1 − xi ), and σx,ij = −xi xj for i 6= j.
Conditional on Y m = y:
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√

nm (Z m − y) =⇒ N (0, Σy )

where Σy is a matrix with σy,ii = yi (1 − yi ), and σy,ij = −yi yj for i 6= j.
Then we can show that:
• Conditional on Xm = x and Vm =

√

m(Y m − x) = v, we have Y m →

x, hence:

√

nm (Z m − x)

=

√

nm (Z m − Y m ) +

√
=⇒ N ( γm v, Σx )

r

nm
v
m

• Let Gm,z = P (Z m ≤ z|Y m = y). From the probability mass function
of the multinomial distribution, it is easy to check that Gm,z is continuous and decreasing in Y m for 0 ≤ yi ≤ 1. Extend Gm,z to a function
G0m,z defined on Rk such that when yi → ∞ for some 1 ≤ i ≤ k,
G0m,z → 0 decreasingly and continuously, while when yi → ∞ for
all 1 ≤ i ≤ k, G0m,z → 1 increasingly and continuously. Because
G0m,z = P (Z m ≤ z|Y m = y) a.s. with respect to the measure induced
by Y m , by the lemmas of conditional convergence,

√


 
σ2
nm (Z m − x) =⇒ N 0, 1 + γm 2 Σx
µ


• Given the above result, it can be shown that conditional on Um =
√
m(X m − p) = u:
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√

nm (Z m − p)

√

r

nm
u
nm (Z m − X m ) +
m


 
σ2
√
=⇒ N
γm u, 1 + γm 2 Σp
µ
=

It is easy to show that, for any z, P (Z m ≤ z|X m = x) is decreasing
0
in x, hence there is a dual distribution function Hm,z
of x such that
0
Hm,z
= P (Z m ≤ z|X m = x) almost surely with respect to the mea-

sure induced by X m . Then we can finish the proof by the lemmas of
conditional convergence.


Chapter 4

SAGE data analysis
In Chapter 3, we have developed the statistical theory for the sampling,
amplification, and resampling (SAR) procedure. With the help of this theoretical result, in this chapter, we shall construct a new statistical model
of the SAGE data through a detailed analysis of each step of the SAGE
protocol. It turns out that two important parameters of the new model
are not measured in the current protocol. However, we are going to show
that, because of the large number of cells used in the SAGE experiment,
the new statistical model can be approximated very well, in practice, by the
traditional multinomial model, which does not require those two parameters.
The first section is the discussion of the new SAR model for the SAGE
data. In section 2, we present a test for differentially expressed genes based
on the SAR model, and show the connection between the new test and the
test based on the multinomial model. In section 3, we shall study possible definitions of housekeeping genes, and present a test for housekeeping
genes based on our new definition of the housekeeping gene. Section 4 is
103
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a discussion of the various approaches to the clustering of the SAGE gene
expression level data. Finally, we propose an algorithm for identifying gene
markers for cell populations from SAGE data.

4.1

Distribution of the SAGE data

We have yet to find from the literature an explicitly stated statistical model
of SAGE data. But it seems reasonable to assume that the current view holds
that each SAGE library is a sample following a multinomial distribution,
with the number of all tags found in the library being the sample size, and
the number of distinct tags being the number of categories. This is confirmed
by the fact the only statistical test for differentially expressed genes we found
in the SAGE literature assumes that the distribution of the count a type of
tag in a SAGE library has a Poisson distribution (Audic and Claverie 1997),
and we know that conditional on the sum, a set of k independent Poisson
random variables has a k dimensional multinomial distribution.
The choice of the multinomial distribution for the frequencies of n trials
with k possible outcomes seems so natural that people may take it granted.
However, strictly speaking, a sample following a multinomial distribution
usually is either randomly collected from a population of infinite size, or
drawn randomly with replacement from a population that could be finite.
However SAGE data are not generated in either way. In this section, we shall
examine closely the SAGE experiment protocol, and derive a new statistical
model for the SAGE data.
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From the statistical point of view, a typical SAGE experiment consists
of 7 steps. Here we shall discuss each step briefly, and propose appropriate
statistical models for each of them.

Step 1: Get a sample of mRNA transcripts from a sample of cells.
A sample of cells for a SAGE experiment consists of 105 ∼ 108 cells,
and the sample mRNA transcripts are extracted from these 105 ∼ 108
cells. Strictly speaking, the sample mRNA transcripts are the sum of
105 ∼ 108 random samples of the mRNA transcripts. However, from
the discussion in Chapter 2, we know that in practice we are unable
to discover the statistical associations among the mRNA transcripts
of various genes within a single cell. Therefore, for simplicity, we shall
model the sampling of the original mRNA transcripts as drawing without replacement from a finite population of mRNA transcripts, hence
the sample mRNA transcripts should be a multivariate hypergeometric
sample.
If the size of the population is much larger than the size of the sample,
the multinomial distribution is a good approximation to the multivariate hypergeometric distribution. Asymptotically, both the multinomial and the multivariate hypergeometric will converge weakly to a
multivariate normal, with the latter having a slightly smaller variance
(Hajek 1960). If we choose the multinomial distribution to model the
sample mRNA transcripts, suppose the relative frequencies of gene
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g in the cell population is p, the size of the original mRNA sample
is m, then the count of the gene g in this sample follows a binomial
distribution with parameters (m, p).

Step 2: Synthesize cDNA clones from the mRNA transcripts.
Usually the cDNA synthesis is highly efficient, hence we shall assume
that in this step one mRNA transcript generates one and only one
cDNA clone. That is, no gene is lost, altered, or added.
Step 3: Generate tags, which are 10 base long segments cut from a certain
site of the cDNAs.
The relation between the set of tags and the set of genes is not necessarily a bijection. Suppose a tag t can be generated from k distinct
unigenes g1 , · · · , gk , and given a gene gi , the chance of getting a copy of
t is di , then the count of tag t after this step is a binomially distributed
P
with parameter (m, q), where q = ki=1 pi di , and pi is the relative fre-

quency of gene gi in the cell population. Note that it is often the case
that q ≈ pj dj for some 1 ≤ j ≤ k. That is, the tag t is mainly generated from a single type of gene gj . Therefore, although the SAGE
libraries are counts of tags, we can still learn the information about
the expression levels of the genes. For convenience, we shall call q the
expression level of tag t in the cell population.
Step 4: Apply the PCR procedure to boost the counts of the tags.
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For the sake of simplicity, the PCR procedure for each type of tag will
be modeled as a single type branching processes with the mean of the
offspring distribution equal to 1 + λ, where λ is the efficiency of the
PCR procedure. Strictly speaking, though, because of the mutation,
the multitype branching process would be a better model for the PCR
procedure. Here by mutation we mean that the PCR duplicate of tag
ti might be another tag tj that differs from ti by one or more bases.
However, the probability distribution for a multitype process is much
more complicated. Moreover, because each tag is only 10-base long,
the proportion of the mutated duplicates for a tag ti is small relative
to the total PCR duplicates for ti (Sun 1999). We are also not worried
about the mutation caused by deletion or addition, for tags other than
10-base long will not be counted. Therefore, the single type branching
process model should be acceptable for our purpose.
Step 5: Link the tags to form long sequences.
For simplicity, here we assume that the linkage is perfect. That is,
no tag is lost, altered, or added. Note that even if some tags are lost
after this step, as long as the loss is random, it will not affect the final
model.
Step 6: Choose those sequences with certain length.
The tags found in the selected sequences could be modeled as a random
sample collected by drawing without replacement from the tags found
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in the PCR product after step 4. Thus, conditional on the tags in the
PCR product after step 4, the tags after step 6 should be a multivariate
hypergeometric sample from a population which is the set of all tags
found in the PCR product.

Step 7: Read off tag counts by sequencing the chosen sequences.
It is claimed that there is a 1% error rate per base for a single pass
sequencing. A tag ti could be read as tj , which differs from ti in one
or more bases, thus reducing the count of ti by one and and raising
count of tj by one. This problem is similar to the one caused by
the mutation in PCR. Although it only changes the variance of the
SAGE data slightly, it does introduce bias to the estimation of the
relative frequencies, which could be a big problem for those tags with
low relative frequencies. However, in this chapter, we shall ignore
the sequencing error, mostly because it is tag and library dependent,
hence would be better handled by a preprocess of the SAGE data. For
example, we could adjust the count of tag t according to the counts of
the tags that differ from that t by only one base.
Theoretically speaking, we have given a statistical model for the SAGE
data by specifying a model for each step of the SAGE experiment. Unfortunately, this model is too complicated to be useful. Thus it is useful to
know the asymptotic distribution of the SAGE data. Let n be the size of
the SAGE library, q the relative frequency of tag t in the cell population
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(see the discussion of step 3), m the number of mRNA transcripts in the
original sample, λ the PCR efficiency, and r the number of PCR cycles. If
we ignore the sequencing error in step 7, then a SAGE library is simply the
final sample of a SAR procedure. By Theorem 7 of Chapter 3, it is easy to
see that the asymptotic distribution of the count Z of a tag t in the SAGE
library is:

Z ∼ N (nq, ncq(1 − q))
where

n
n
+
c=1−
m(1 + λ)r
m



(1 + λ)r − 1 1 − λ
1+
(1 + λ)r 1 + λ



is called the normalizing factor for the sample. Note that c is equal to the
ratio of the variance of Z under the new statistical model, to the variance
of Z under the multinomial model.
The exact mean of the count of t in the final SAGE data is:

E[Z] = nq
 n
When (1 + λ)r  max 1,
, in practice, we could assume:
m
c=1+

n 2
m1+λ

The distribution of the estimation of the relative frequency of q, then,
is:
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Z
∼N
q̂ =
n



1
q, cq(1 − q)
n

Note that according to the multinomial model, with a similar setting,
the mean of the count of tag t in the SAGE library is also nq, though asymptotically the sample relative frequency q̂ = Z/n has a normal distribution
with mean q and variance q(1 − q)/n. Both the new model and the multinomial model agree that q̂ is an unbiased estimator of the concentration level
q of the tag t, though they differ on the variance of q̂. The value of Var(q̂)
according to the new SAR model is c times the value implied by the multinomial model. Thus, to compare the estimation of the relative frequency
q of tag t based on the new SAR model with the estimation based on the
multinomial model, we need to know the values of the normalizing factors
c.
For a given SAGE library, the value of the normalizing factor c is determined by the values of the following 4 parameters: the number m of all
mRNA transcripts in the sample cells, the efficiency λ of the PCR procedure, the number r of the PCR cycles, and the number n of all tags in
the SAGE library, i.e., the library size. Unfortunately, the values of two
of these parameters, m and λ, are not available under the current SAGE
protocol. However, we do know that a typical SAGE experiment needs at
least 100,000 cells as input, and the number of mRNA transcripts in each
cell is on the order of 104 . Given the size of a SAGE library is on the order
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of 104 , the value of n/m is usually less than 0.0001, which implies that the
value of c is less than 1.0002. The fact that the value of c is so close to 1
suggests that, asymptotically, the distribution of q̂ is approximately normal
with variance q(1 − q)/n under the SAR model. Moreover, we can even say
that, in a certain sense, the multinomial model is also a good approximation
of the exact SAR model.
To show this, let X be the number of tag t after PCR (step 4), and N
the number of all tags after PCR, then X/N becomes the relative frequency
of tag t after PCR. According to Theorem 1 of Chapter 2, the distribution of
X/N is approximately normal with mean q and variance 2q(1−q)/[m(1+λ)],
where m is the number of all mRNA transcripts in the original sample cells,
p
and λ is the efficiency of the PCR. In practice, because Var(X/N )  q,

with a very high probability q would be a good approximation of X/N ,
hence X/N could be treated as the constant q.

1

Recall that ignoring

the sequencing error, the final SAGE library is a sample drawing without
replacement from the PCR product after step 4. We know that a sample
drawing without replacement from a finite population could be treated as a
multinomial sample if the the population size is much much larger than the
sample size. Thus, given that N  n, where n is the library size, it is safe
to say that Z, the count of tag t in the SAGE library, has approximately a
Binomial(n, X/N ) distribution. Replacing X/N by the constant q, Z then
1

Let n = 1.5 × 109 , which is pretty low for a SAGE experiment, q = 10−4 , which is
also pretty low for an expressed tag, and λ = 0.5, which is not very efficient either, the
standard error of X/N will be approximately 2 × 10−7 , which is much smaller than q.
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is approximately Binomial(n, q) distributed.
The above discussion shows that the multinomial distribution could be
a good approximation of the SAR model of the SAGE data. However, we
should point out that this does not imply that any analysis of the SAGE
data based on the multinomial model is also justified. Instead, whenever
possible, we should argue directly that the analysis based on the multinomial model is valid, not simply because the multinomial model itself is a
good approximation of the SAR model, but more importantly, because the
analysis based on the multinomial model can be shown, in practice, also a
good approximation of the analysis based on the SAR model.

4.2

Differentially expressed genes

One of the major applications of the SAGE technology is to determine
whether the expression levels of the genes have changed over a sequence of
time points and/or a series of experimental treatments. Strictly speaking,
by the expression level of a gene G in a cell population, we could either mean
the expectation of the number of mRNA transcripts of gene G in a single
cell in that cell population, or refer to the ratio of the number of the mRNA
transcripts of gene G relative to the number of the mRNA transcripts of all
the genes in that cell population. However, the SAGE technology provides
us only with the information about the relative frequencies of the various
tags, which can be mapped to various genes. Thus, given a set of SAGE
libraries for each time point and/or each treatment, to test whether a gene is
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differentially expressed is the same as testing whether the relative frequency
of a tag is not constant over all the libraries.

Tests based on the multinomial model
The only test we could find in the literature of SAGE data analysis is a
pseudo Bayesian test (Audic and Claverie 1997) which assumes that the
counts of tags in a library to be independent Poisson random variables.
This test can be used to determine whether the relative frequencies of a tag
are the same over two SAGE libraries. Consider a tag t. Suppose the library
L1 has X = x copies of t, library L2 has Y = y copies of t, and the sizes of L1
and L2 are n1 and n2 respectively. Assume that X and Y are independent
random variables such that X ∼ Poisson(λ1 ) and Y ∼ Poisson(λ2 ), by
imposing an improper prior on the distribution of λ1 , we can compute the
posterior of λ1 given X = x. Then, under the null hypothesis λ2 = λ1 , the
predictive distribution of Y given X = x will be:

 y
n2
P (Y = y|X = x) =
n1

(x + y)!


n2 x+y+1
x!y! 1 +
n1

Given a significance level α, the null hypothesis is rejected if y < c1 or
y > c2 , where c1 and c2 are the

α
α
and 1 − quantiles of Y .
2
2

While this test is fine for comparing the expression levels of a gene between two libraries, it cannot be applied to the cases where we have more
than two libraries. As a much more versatile test based on the multinomial
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model, we would recommend the classic Pearson’s χ2 test. Given s SAGE
libraries L1 , · · · , Ls generated independently from s cell populations, let pi
be the expression level of tag t in the ith cell population, Xi be the count
Ps
Xi
. Under the
of t in library Li , ni be the size of library Li , and p̂ = Pi=1
s
i=1 ni

null hypothesis that the expression levels of t are the same in all the s cell
populations, the χ2 test statistic is defined as:

T1 (S) =

s
X
(Xi − ni p̂)2
i=1

ni p̂

Note that under the null hypothesis that p1 = p2 = · · · = ps , assuming
P
the multinomial model, conditional on n1 , · · · , ns and si=1 Xi , X1 , · · · , Xs

are independent of p1 , and jointly have a multivariate hypergeometric distribution. Thus we can compute the exact distribution of T1 either directly,
or by Monte Carlo simulation. Better yet, T1 has asymptotically a χ2s−1
distribution, and it turns out that for the SAGE data, because the sizes
of the libraries are relatively large, assuming the multinomial model, the
asymptotic distribution of T1 is usually a very good approximation of the
exact distribution.
For example, let us look at the 6 SAGE libraries from Dr. Peters’ SAGE
lab at the Graduate School of Public Health of the University of Pittsburgh
(see http://www.genetics.pitt.edu/sage/). These libraries are the measurements of the gene expression levels of the arterial endothelial tissue under shear stress at 6 time points. The sizes of these 6 libraries are 33876,
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Probabilities
0.05
0.25
0.50
0.75
0.95
0.99
0.999
0.9999

Quantiles for T1
1.24
2.80
4.40
6.54
10.64
14.77
20.76
27.80
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Quantiles for χ25
1.15
2.67
4.35
6.63
11.07
15.09
20.52
25.74

Table 4.1: Quantiles of T1 : exact distribution vs χ25
35197, 28684, 38732, 29759, and 27906 respectively. Suppose the total count
of a tag t over the 6 libraries is 12. Table 4.1 gives the quantiles for both the
exact distribution and the asymptotic distribution of the T1 statistic for tag
t under the null hypothesis that the expression levels of t are the same in
the 6 tissues. It is easy to see that, in term of the distribution function, the
exact distribution of T1 is close to that of the χ25 distribution, which is the
asymptotic distribution of T1 . Given that a total count of 12 over 6 libraries
represents a relatively low expression level, and the fact that the higher the
total count, the better the asymptotic distribution as an approximation of
the exact distribution for T1 , it is safe to use the asymptotic distribution of
T1 in the tests of differentially expressed genes.

Test based on the new SAR model
From the discussion in Chapter 3, we know that a statistic similar to the
Pearson’s χ2 test can be used to test for differentially expressed genes under
the new SAR statistical model.
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Suppose s SAGE libraries L1 , · · · , Ls are generated from s cell popula-

tions, where m1 , · · · , ms are the numbers of mRNA transcripts in the s cell
populations respectively. Let ni be the size of library Li , λi and ri be the
efficiency and the number of cycles of the PCR for Li , the normalizing factor
ci for the library Li then is:

ci = 1 −

ni
ni
+
mi (1 + λi )ri
mi



(1 + λi )ri − 1 1 − λi
1+
(1 + λi )ri 1 + λi
Ps Zi

i=1
Let Zi be the count of tag t in library Li , and p̂ = Ps

ci
ni
i=1 ci

. The new

statistic is defined as:

T2 (S) =

s
X
(Zi − ni p̂)2
i=1

ci ni p̂

Let pi be the relative frequency of the tag t in the ith cell population.
From the discussion in Chapter 3, we know that, under the null hypothesis
that p1 = p2 = · · · = ps , T2 (S) asymptotically has a χ2s−1 distribution.
Thus, a level α test for the null hypothesis that t has constant expression
level over all the s cell populations will be: reject the null hypothesis if and
only if T2 (S) is greater than the 1 − α quantile of the χ2s−1 distribution.
It is easy to see that the T1 and T2 statistics have similar functional
form. The only difference between T1 and T2 is that the latter requires the
normalization of each SAGE library Li by the corresponding normalizing
factor ci . Note that when c is very close to 1 (c is always greater than 1),
the values of T1 and T2 will be also very close, hence it does not matter
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whether we use T1 or T2 to test for differentially expression genes over s
cell populations, (assuming we always reject the null if the value of the test
statistic is greater than the 1−α quantile of χ2s−1 ). On the other hand, when
c is large, the choice between T1 and T2 will lead to significantly different
test results. From the previous section, we know that in practice c is very
close to 1, which implies that there is little difference between T1 and T2 .
Given that we cannot get the exact values of m and λ under the current
SAGE protocol, hence are unable to compute the exact value of T2 , in the
remaining part of this chapter, we shall use T1 as the statistic for testing
differentially expression genes, while bearing in mind that T1 is used as a
very good approximation of T2 .

2

Control of the false discovery rate
To identify genes differentially expressed over two or more cell populations,
we need to conduct the statistical tests for all the genes in the whole genome.
This means that we are testing the expression levels of thousands of tags
simultaneously. On the other hand, it is often the case that only a small
fraction of the genes are believed to be expressed differently over the different
cell populations. It is thus important to control the false discovery rate
(FDR), i.e., the percentage of the tags that are not differentially expressed
2

Note here we are only claiming that the distribution of T1 under the SAR model is
close the distribution of T2 under the SAR model. Nevertheless, given the fact that the
multinomial distribution could be used to approximate the SAR distribution, it seems
plausible to say that the distribution of T1 under the SAR model is close the distribution
of T1 under the multinomial model. Therefore, it is reasonable to assume that, even under
the SAR model, the asymptotic distribution of T1 is a good approximation of the exact
distribution of T1 , given that this is the case under the multinomial model.
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but are wrongly determined to be differentially expressed.
One FDR controlling method that is suitable to the testing of differentially expressed genes is Benjamini and Hochberg’s Linear Step Up Multiple
Comparison Procedure (Benjamini & Hochberg, 1995). This procedure requires that the test statistics for all the tests to be either independent or
weakly positively dependent.

3

(The T1 statistics for the genes are not

independent, but they are approximately independent, and possibly with
positive dependency.) The Benjamini and Hochberg’s (BH) procedure first
sorts the p-values of the test statistics p(1) ≤ · · · ≤ p(k) in ascending order,
where k is the number of tests. Then for a given level α, we find the largest
i such that p(i) ≤ αi/k. This procedure will reject all the null hypotheses
for the tests with p-values lower than p(i) .

4

Note that when applying the BH procedure, we should only test those
tags with at least a moderate total count over all the libraries. The reason is
that the vast majority of the genes are barely expressed, and we know apriori
that the barely expressed genes cannot at the same time be differentially
expressed genes.

5

For example, among the 38651 distinct tags detected

in the 6 shear stress libraries, only 1718 of them have a total count of 15 or
more (sum over all the 6 libraries). Using the BH procedure, if we only look
3

This condition has been relaxed in Benjamini & Yekutieli (2001).
There are some new FDR control methods have improved upon the BH procedure.
See Benjamini & Yekutieli (2001) and Genovese & Wasserman (2002).
5
The other reason why it does not make sense to conduct tests on those barely expressed
genes is that, because of the sequencing error, it is unreliable to estimate the expression
levels of those barely expressed tags, and hence the tests based on these data are also not
reliable.
4
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at the tags with a total count of at least 15, at the level of 0.01, 222 tags
are determined to be differentially expressed. However, if we include in our
tests all the tags regardless of their total counts, at the level of 0.01, only
146 tags would be determined to be differentially expressed.

4.3

Housekeeping genes6

Housekeeping genes are usually defined as those genes whose expression
levels vary little in different cell populations belonging to the same species of
organisms. This definition, however, is not rigorous enough for us to identify
housekeeping genes via the statistical analysis of the gene expression level
data. Here we are going through a list of rigorous definitions, and choose
the ones that seem reasonable.

Global housekeeping genes
The stochastic nature of the chemical processes within a cell means that the
number of mRNA transcripts of a gene in a cell must be a random number.
Given that housekeeping genes are often used as references to estimate the
expression levels of other genes, ideally, we would like the expression levels
of the housekeeping genes in a cell to be independent of the specific cell
population where the cell comes from. However, the current technology
does not allow us to measure the expression level of a gene in a single cell,
hence our definitions must take into consideration the limitation of current
6

This and the next sections are based on a joint work with David Peters
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technology.
Let X be the number of mRNA transcripts for a gene H, and N the
number of the mRNA transcripts of all genes, in a single cell. Both X and
N are random variables whose distributions may depend on another random
variable C, the cell population where the single cells come from. Let Ec [X],
Ec [N ], and E[ X/N ] be the expectations of X, N , and X/N in a cell from a
population C = c respectively. In general, Ec [X], Ec [N ], and Ec [X/N ] will
be functions of c.
Because of the limitation of current technology, it is impossible to measure X and N directly. However, in most experiments, the sample will
contain hundreds of thousands of cells such that, for a gene H, the counting
of H per cell in a sample cells from a population c will be extremely close to
Ec [X], and the relative frequency of H in the sample cells will be extremely
close to Ec [X/N ]. Thus, in practice, we shall assume that the counting of
H per cell in the sample cells is equal to Ec [X], and the relative frequency
of H in the sample cells is equal to Ec [X/N ].
Now we could define housekeeping genes according to either of the following two conditions:
(1a). The counting of the mRNA transcripts of a housekeeping gene H per
cell in a sample is independent of the cell population where the cells
come from, i.e. Ec [X] is a constant that does not depend on c,
or, alternatively,
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(1b). The relative frequency of the mRNA transcripts of a housekeeping
gene H in a sample is independent of the cell population where the
cells come from, i.e., Ec [X/N ] is a constant that does not depend on
c.

For the test of housekeeping genes according to definition (1b), all we
need to do is to generate, or collect, a large number of measurements of
the expression levels of the genes in various cell populations. Then a gene
that is not differentially expressed over all the cell populations would be a
housekeeping gene. However, the test of housekeeping genes according to
definition (1a) is much harder, because it is not always possible to measure
the counting of a gene per cell in a sample. First, we usually do not know
exactly how many cells are contained in the sample. Second, even if we
know the exact number of cells, the experiment procedure may also make
the measurement of the counting per cell impossible. For example, in a
SAGE experiment, the final result is a library of tags obtained by a SAR
procedure. This makes it hard to say, in a SAGE library, the tags are
equivalent to how many cells of mRNA transcripts.
Although we may be unable to measure the counting per cell for any gene,
it is still possible to test whether it is a housekeeping gene with constant
counting per cell, provided we know that some other gene is a housekeeping
gene in the same sense. The idea is that the ratio of the countings of two
housekeeping genes should be constant over all cell populations (belonging
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to the same species of organisms). Of course, if we are not sure about any
gene being a housekeeping gene, this idea would not work, because the ratio
of the countings of any pair of co-expressed genes might be constant for all
cell populations.
We first search for the housekeeping genes by identifying the tags that
have constant relative frequencies in 121 publicly available SAGE libraries.
These libraries consist of a wide varieties of human tissues, tumor or normal,
bulk or cell line. We compute the T1 statistic for 1447 tags whose total counts
in all the 121 libraries are at least 448. (Note that 448 ≈ 5600160 × 0.00008,
where 5600160 is the total number of tags in the 121 libraries.) There are
several reasons why we set this threshold:
• The tags with low counts are more susceptible to sequencing error.
• Relative high counts ensure that the χ2120 is very close to the exact
distribution, and allow us to get p-values without Monte Carlo simulation.
• The test for differentially expressed genes will have higher power for
tags with higher counts.
Among the 1447 tags, the best candidate for housekeeping gene is the
tag AAGTGATTCT, which represents the unigene cluster Hs. 180677, splicing
factor 1. The T1 statistic for this tag is 198.89, which gives the p-value of
0.000008. Clearly it is almost impossible for this gene to be a housekeeping
gene.
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Given the fact that even the tag with best (lowest) T1 score is unlikely
to be a housekeeping gene satisfying definition (1b), it is unlikely that there
is any housekeeping gene satisfying definition (1b). The question is then
whether some genes satisfying definition (1a). Here we shall confine our
search to those genes with the best T1 scores. The idea is that, while the
tags with constant countings per cell are not likely to have constant relative
frequencies, nor should their relative frequencies vary too much over different
cell populations. Because we do not know any gene satisfying definition (1a)
yet, it is impossible to test for housekeeping gene satisfying definition (1a)
directly. What we are going to do is to search for a group of the tags with
best scores that are co-expressed in the sense that the ratios of the countings
of these tags to each other are constant in all the 121 libraries. Here is the
test for co-expressed genes:
Consider k tags. Let Xi,j be the count of the ith tag in the jth library.
The test statistic for the null hypothesis that the ratios of the countings
of these k tags to each other are constant in all libraries is a Pearson’s χ2
statistic:

k X
121
X
(Xi,j − x̂i,j )2
Ta =
x̂i,j
i=1 j=1

Pk P121
P
P
where x̂i,j = ( kh=1 xh,j )( 121
l=1 xh,l ).
l=1 xi,l )/( h=1

Although asymptotically Ta has a χ2120(k−1) distribution under the null
hypothesis, the asymptotic distribution may not be always very close to the
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exact distribution. Based on the discussion in section 1, we assume that the
SAGE data have a multinomial distribution, so that we could compute the
exact distribution of Ta . We confine our search to the 40 tags with the lowest
T1 scores. Among the 40 tags, the best, i.e., highest, p-value we get for a
pair of tags is for tags CTGTGCATTT and TGTAAGTCTG, which is about 0.15.
The best p-value for a triple of tags is for tags AATTTGCAAC, GTTTCTTCCC,
and AAAGTCAGAA, which is about 0.00025. The best p-value we get for a
quadruple of tags is for tags CTCCACAAAT, TGCCTTACTT, GTCTTAACTC, and
AGGGGATTCC, which is less than 0.00001. Based on these results, it is clear
that, among the 40 tags with best T1 scores, no more than 2 could possibly
be housekeeping genes in the sense of having constant counting per cell.

Coefficient of variation
From the above analysis, it seems that our definitions of housekeeping genes
are too stringent. Here we shall relax the definition to allow some variation in
the relative frequencies of the housekeeping genes. (Because of the difficulty
in estimating the counting per cell of a gene, from now on we will only
consider the definition of housekeeping genes based on the relative frequency
of a gene.)
Before giving a new definition, we would first introduce a new concept:
the coefficient of variation. Suppose the relative frequencies of the gene
P
H in the 121 SAGE samples are q = (q1 , · · · , q121 ) such that 121
i=1 qi ni =
P
2
p 121
i=1 ni , then asymptotically T1 has a noncentral χ(γ)121 distribution with
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noncentrality parameter γ =

P121

i=1 [ni (qi

− p)2 /(p − p2 )]. The coefficient of

variation of the relative frequency of H then is defined as:

v
v
v
u
u
u 121
121
121
121
u
u X
uX
X
X
t
t
2
2
ni )(qi − p) /p ] ≈ γ/(p
[(ni /
ni ) ≈ tγ/(
Xi )
d(p, q) =
i=1

i=1

i=1

i=1

The coefficient of variation roughly tells on average how much the rel-

ative frequencies of a gene in different cell populations deviate from their
weighted mean. A new definition of housekeeping gene based on the concept
of coefficient of variation is:
(2). A gene is a housekeeping gene if the coefficient of variation of the
relative frequency of this gene is less than or equal to 20%.
A level α statistic test for housekeeping genes based on the above definition and the 121 public SAGE libraries would be: rejecting the null hypothesis that the gene H is a housekeeping gene in the sense that the coefficient
of variation of the relative frequency of H is less than or equal to 20% if and
only if the value of T1 statistic for H is greater than the 1 − α quantile of
P
the χ2120 (γ) distribution, where γ ≈ 0.04 121
i=1 Xi , with Xi being the count
of the tag T for gene H in the ith library.

Here we should note that, according to our definition, the coefficient of
variation depends on the sizes of the SAGE libraries. This means that the
deviation of the relative frequency from the weighted mean in a small library
does not contribute to the coefficient of variation as much as the deviation
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Tag
AAGTGATTCT
GCGGTGAGGT
CTGTGCATTT
CGCACCATTG
GGCCAAAGGC

T1 score
198.89
227.04
238.67
235.39
234.85

Count
521
615
711
639
523

γ
20.84
24.60
28.44
25.56
20.92

p-value
0.0017837
0.0000508
0.0000184
0.0000155
0.0000048

Table 4.2: The highest 5 p-values for d(p, q) = 0.2

in a large library. In other words, the test is not sensitive to the variation
of the relative frequency of a gene in a small library. On the other hand,
this insensitivity does make some sense, because a small library provides less
information about the relative frequency of a tag than a large library.
Table 4.2 gives the 5 tags with the highest p-values under the null hypothesis that coefficient of variation of their relative frequencies is 0.2. As we
mentioned earlier, under the null hypothesis, the T1 score has asymptotically
a noncentral χ2120 (γ) distribution. From the table, it is clear that it is highly
unlikely for the coefficient of variation of the relative frequency of any tag
to be equal to or less than 0.2. If we modify the null hypothesis by increasing the coefficient of variation to 0.3 and 0.4, the p-values for AAGTGATTCT
would 0.067 and 0.56 respectively under these two new hypotheses, which
suggest that the coefficient of variation of AAGTGATTCT probably is around
0.4.

7

Thus, unless we are ready to modify our definition to accept a tag

with a coefficient of variation of 0.4 as a housekeeping gene, there would be
no housekeeping gene.
7
As a matter of fact, the tag AAGTGATTCT also has the highest p-values for the null
hypotheses that the coefficients of variation are 0.3 and 0.4 respectively.
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Local housekeeping genes
While there seems to be no gene varying little over all cell populations,
we note that in the cases where we may need housekeeping genes to serve
as references, we usually compare cell populations closely related to each
other. For this kind of applications, it suffices for the reference genes to
have constant expression levels among a small class of cell populations. This
leads to the definition of weak and strong local housekeeping genes.

(3a). A gene is a weak local housekeeping gene relative to a class of cell
populations if the coefficient of variation of the relative frequency of
this gene is less than or equal to 20% for all populations in that class.
(3b). A gene is a strong local housekeeping gene relative to a class of cell
populations if the relative frequency of this gene is constant over all
populations in that class.

The statistics for testing whether a gene is a weak or a strong local
housekeeping gene are both the T1 statistic, though T1 will have different
distributions under different null hypotheses. Let k be the number of liP
braries, Xi the count of the tag in the ith library, and γ ≈ 0.04 ki=1 Xi .
If the null hypothesis is that the gene is a strong local housekeeping gene,

T1 will have asymptotically a χ2k−1 distribution; if the null hypothesis is
that the gene is a weak housekeeping gene, T1 will have roughly a χ2k−1 (γ)
distribution.
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Tag
AAAGTCAGAA
CCCTGGCAAT
CTGTGCATTT
GGCCAAAGGC

T1 Score
25.04
26.10
27.51
32.22

Count
155
149
211
180

γ
6.20
5.96
8.44
7.20

p-value
0.8762
0.8383
0.8546
0.6401

Table 4.3: The highest 4 p-values for d(p, q) ≤ 0.2, brain libraries

Among the 121 public SAGE libraries we mentioned before, there are
30 libraries for normal brain tissues, bulk brain tumors, and brain tumor
cell lines, and 26 libraries for normal breast tissues, bulk breast tumors, and
breast tumor cell lines. Tables 4.3 and 4.4 give the 4 tags with the highest pvalues under the null hypothesis that the coefficients of variation of the tags
are less than or equal to 0.2 for the 30 brain libraries and 26 breast libraries
respectively. In our study, only the tags whose mean relative frequency over
the 121 libraries are at least 0.00008 are tested. These include 1487 tags for
the brain tissues, and 1494 tags for the breast tissues. From these two tables,
there seem to be some genes that are weak local housekeeping genes for the
brain tissues and breast tissues respectively. As a matter of fact, there are
even 13 and 38 tags for the brain libraries and breast libraries respectively
that could pass the test of level 5% for strong local housekeeping genes.
Moreover, there is no intersection between the 13 tags for the brain libraries
and the 38 tags for the breast libraries. This seems to suggest that when
we focus on a class of libraries, we might be able to find some genes whose
expression levels vary little within this class.
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Tag
TAAGTAGCAA
GTGCTTGTAC
CATCATTCCT
TGCCTTACTT

T1 score
25.18
25.89
26.68
27.09

Count
137
94
87
86

γ
5.48
3.76
3.48
3.44

p-value
0.7162
0.6083
0.5544
0.5313

Table 4.4: The highest 4 p-values for d(p, q) ≤ 0.2, breast libraries

However, the claims of the existence of weak local housekeeping genes
for the brain libraries and the breast libraries are not conclusive. In short,
the data we now have are not sufficient to exclude the possibility of the
non-existence of weak local housekeeping genes, especially for the breast
libraries. To illustrate, we shall conduct a power analysis of the tests for
weak local housekeeping genes in the brain tissues and the breast tissues.
We shall test the tags with a new null hypothesis: the coefficient of variation
of a tag is at least 30%. The idea is that, if our tests are powerful, then
the tags that pass the test for weak local housekeeping genes should have
extremely low p-values under the new null hypothesis.
Tables 4.5 and 4.6 give the 4 tags with the lowest p-values under the
null hypothesis that the coefficients of variation of the tags are greater than
or equal to 0.3, among the 1487 tags for the brain libraries, and the 1494
tags for the breast libraries. The test, at a level of α, will reject the null
hypothesis if the value of the T1 statistic is less than the α quantile of the
χ229 (γ) for the brain tissues, or χ225 (γ) for the breast tissues. Not surprisingly, these are the same set of tags shown in tables 4.3 and 4.4. Table 4.6
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Tag
CTGTGCATTT
AAAGTCAGAA
CCCTGGCAAT
GGCCAAAGGC

T1 Score
27.51
25.04
26.10
32.22

Count
211
155
149
180

γ
18.99
13.95
13.41
16.20

p-value
0.0227
0.0294
0.0443
0.1119

Table 4.5: The lowest 4 p-values for d(p, q) ≥ 0.3, brain libraries
Tag
TAAGTAGCAA
GTGCTTGTAC
CATCATTCCT
TGCCTTACTT

T1 score
25.18
25.89
26.68
27.09

Count
137
94
87
86

γ
12.33
8.46
7.83
7.74

p-value
0.0995
0.2104
0.2620
0.2823

Table 4.6: The lowest 4 p-values for d(p, q) ≥ 0.3, breast libraries

shows that, even the best candidate for the weak local housekeeping gene
for the breast tissues, the integral membrane protein 2B gene that is represented by tag TAAGTAGCAA, has a substantial probability (9.95%) of having
a coefficient of variation of 0.3. The tags for the brain libraries are doing
better. The non-POU domain containing, octamer-binding gene and the
ubiquinol-cytochrome c reductase core protein II gene, represented by the
tags CTGTGCATTT and AAAGTCAGAA respectively, seem to be good candidates
for the weak local housekeeping genes for the brain tissues.

False discovery rate
So far we have shown that there is no gene whose expression level is constant
for all human tissues, and that it is highly unlikely that any gene would have
a coefficient of variation of less than 0.2 for all the human tissues. On the
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other hand, we have also identified a few genes whose coefficients of variation are possibly less than 0.2 for the brain tissues and the breast tissues
respectively, and the two tags CTGTGCATTT and AAAGTCAGAA are especially
promising as candidates of weak local housekeeping genes for the brain tissues. Strictly speaking, however, it is possible that even these two tags for
the brain tissues are not weak local housekeeping genes. This is because
their p-values, under the null hypotheses that the tag’s coefficients of variation are at least 0.3, are the lowest two among the 1487 tags. If we would
likely to control the false discovery rate of our tests, i.e., the percentage of
the tags that have coefficients of variation greater than 0.3 but are wrongly
determined to have smaller coefficients of variation by the test, we are not
able to claim with reasonable confidence that the coefficients of variation of
these two tags are truly less than 0.3.
On the other hand, we would argue that the current methods for controlling false discovery rate may be too conservative for our study. Consider the
test for the brain tissues. We agree that,in our study, most of the 1487 tags
are not weak local housekeeping genes. However, this does not necessarily
imply that when testing these tags for the null hypothesis that the coefficient of variation of each tags is at least 0.3, the statistics for a significant
number of the genes whose coefficients of variation are at least 0.3 will have
low p-values simply by chance. In other words, while the test may be not
very powerful when applied to other data sets, it could very powerful when
applied to the SAGE gene expression level data. The reason is that, among
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those tags whose coefficients of variation are at least 0.3, the vast majority
of them actually have coefficients of variation much larger than 0.3. The
expression levels of these tags vary so much over the 30 brain libraries that
the chance is virtually 0 for these tags to have low enough T1 scores that
would yield low p-values. Therefore, if a tag does have a low T1 score and
a low p-value, it is likely that it is because the tag also has a low coefficient
of variation, rather than that it simply gets a low T1 score by chance.

4.4

Clustering the SAGE data

Clustering of the genes based on their expression levels over different experiments could help us to identify genes that are co-regulated. Theoretically,
the clustering algorithm could be applied to the gene expression level data
obtained from a set of iid samples of cells from the same cell population.
However, for the reason mentioned in Chapter 2, in practice, the clustering
algorithm can only be applied to the data obtained from distinct cell populations that are closely related. For example, gene clustering is often applied
to the data generated from the tissues under different treatments to identify
groups of genes reacting in similar ways under the various treatments.
There are mainly two types of clustering algorithms: the k-means algorithms and the hierarchical algorithms. The hierarchical algorithms require
only the existence of a distance function that measures the distance between
any two data points. The k-means algorithms, on the other hand, assumes
that the data sets live in an Euclidean space.
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The choice of distance function is crucial to the results of a clustering
study, because the basic idea of the both algorithms is trying to put data
points close to each other into the same cluster. In the case of gene clustering, we would like to use the distance functions that measure the similarity
between the patterns of the expression levels of two genes. For example, by
clustering the shear stress data, which consist of 6 measurements of the gene
expression levels made at 6 time points after shear stress is applied to the aortic endothelial tissue, we would like to identify groups of genes that respond
to the shear stress in similar ways. For this type of task, the traditional
Euclidean distance is not a good choice. Suppose x1 = (10, 5, 10, 5, 10, 5),
x2 = (10, 10, 10, 10, 10, 10), and x3 = (20, 10, 20, 10, 20, 10) are the expression levels of three genes, G1 , G2 , and G3 , at the 6 time points in the shear
√
stress experiment. The Euclidean distance between x1 and x2 is 5 3, which
√
is much closer than Euclidean distance between x1 and x3 , which is 5 15.
However, we would like to say that genes G1 and G3 show the same pattern
of response to the shear stress, which is quite different from the pattern
shown by gene G2 . This implies that the k-means algorithm, which requires
the Euclidean distance function, is not suitable for our task.

8

A better distance function could be derived from the correlation between
the expression levels of two genes. For example, we can define the distance
between x and y as dc (x, y) = 1 − Corr(x, y). With this distance function,
using the above example, we have dc (x1 , x3 ) = 0 < dc (x1 , x2 ) = 1. Using
8

Here we assume no transformation is performed to the SAGE data.
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the hierarchical algorithm with this distance function, we have clustered 243
genes that are differentially expressed over the 6 shear stress libraries. As
expected, when plotting the genes expression levels against the time points,
we found that genes clustered into a tight cluster respond to the shear stress
in a similar way.
However, the clustering based on the correlation distance still has two
drawbacks. First, it is not clear how tight a cluster need to be in order for
us to consider the tags in this cluster to be co-regulated. Second, given the
fact that the count of a tag in a SAGE library is approximately binomial
distributed, we know that the SAGE data for the highly expressed tags
are more accurate than the SAGE data for the barely expressed tags. By
using correlation distance we have ignored this piece of information. To
incorporate the information about the distribution of the SAGE data into
our clustering study, we propose a new distance function dg . Let x and y
be the expression levels of two tags over k libraries, then the new distance
between x and y is exactly the log likelihood ratio statistic G2 for a 2 × k
contingency table with first row being x and the second row y:

dg (x, y) = 2

k
X

[xi log(xi /x̂i ) + yi log(yi /ŷi )]

i=1

where x̂i = (xi + yi )

Pk

j=1 xj /[

Pk

j=1 (xj

+ yj )].

We could also use any other statistics designed for testing association in
a two dimensional contingency table, e.g., the Pearson’s χ2 statistics. Or
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Figure 4.1: Expression levels of 5 tags in the same cluster

even better, we could use 1 − p(T ) as the distance function, where T is any
statistic for testing association in a two dimensional contingency table, and
p(T ) is the p-value of that statistic under null hypothesis.
It is easy to implement the gene clustering algorithm using the dg distance function. All we need to do is plug in the new distance function to
the hierarchical clustering algorithm. We cluster the expression levels of
the 243 genes in the 6 shear stress SAGE experiment using the dg distance
function, and identify 71 small clusters such that within each cluster, the
distance between any pair of tags is less than 11.07.
9

9

While the small-

The hierarchical clustering algorithm implemented here uses the maximum distance
between a data point in one cluster and a data point in the other cluster as the distance
between the two clusters.
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est clusters consist of only a single tag, the largest ones consist of 10 to 14
tags. Note that 11.07 is the 95% quantile of the χ25 distribution, which is
the asymptotic distribution of dg when the number of libraries is 6. Thus
the statistical interpretation of the clustering result is: within each cluster,
for any pair of tags, if we run a level 5% test with the null hypothesis that
these two tags respond to the shear stress in exactly the same way, we are
not going to reject the null hypothesis. Figure 4.1 plots the expression levels of the 5 tags, ATAATTCTTT, TAATAAAGGT, AAAAATAAAG, ATCTTGTTAC, and
GAAAAATGGT, which belong to the same cluster.
Although the gene clustering algorithm using distance function dg allows
an intuitive statistical interpretation of the clustering results, it has yet to
take into account the fact that the measured expression levels of the highly
expressed tags are more reliable than those of the barely expressed tags.
This suggests a new type of hierarchical clustering algorithm.
Note that in a typical hierarchical algorithm, to cluster a data set of
n data points, we begin with n clusters, where each cluster contains one
and only one data point. Then we proceed by merging the closest pair of
clusters into a single cluster, until, after n − 1 merges, all data points are
put into a single cluster. A distinct feature of the traditional hierarchical
algorithm is that the distance between two clusters is uniquely determined
by the pairwise distances between the data points in one cluster and the
data points in the other cluster.
10

10

This makes the hierarchical algorithm

Here we have a few choices. The distance between two cluster could be:
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very easy to use, because it can handle any data set, provided the pairwise
distances between the data points are give. However, at the same time, the
users are stuck with the few choices of the distance functions between two
clusters, which may not always the best choices for the data to be clustered.
Based on our knowledge about the distribution of the SAGE data, we
would like to recommend a small modification of the hierarchical clustering
algorithm so that it could work better for our data set. The suggested modification to the traditional algorithm is that, instead of using the minimum,
or the maximum, or the mean, or the median of the distances between the
points in one cluster and the points in the other cluster as the distance
between the two clusters, we compute the distance in the following way:
Suppose the first cluster A consists of a data points, x1 , · · · , xa , the second cluster B consists of b data points, xa+1 , · · · , xa+b , and each data point
is a k-dimensional non-negative integer valued vector. First we compute the
log likelihood ratio statistic dg (A, B):

dg (A, B) = 2

11

a+b X
n
X

xi,j log(xi,j /x̂i,j )

i=1 j=1

a. the minimum distance between a point in one cluster and a point in the other
cluster;
b. the maximum distance between a point in one cluster and a point in the other
cluster;
c. the mean of the distances between the points in one cluster and the points in the
other cluster;
d. the median of the distances between the points in one cluster and the points in the
other cluster.
11

Here we could also use Pearson’s χ2 statistic.
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P
Pa+b
Pa+b Pn
where x̂i,j = ( nk=1 xi,k )( l=1
xl,j )/( l=1
k=1 xl,k ).

12

The distance

between A and B then is 1−p(dg (A, B)), where p(dg (A, B)) is the p-value of
the statistic dg (A, B) under the null hypothesis that there is no association
in the (a+b)×k contingency table, where each row of the table is a data point
in A or B. Note that under this null hypothesis, dg (A, B) has asymptotically
a χ2(k−1)(a+b−1) distribution.
We can choose a threshold, say, 0.95, and stop merging clusters when the
newly defined distance between any two cluster is larger than 0.95. Suppose
we use the modified algorithm, with threshold set to 0.95, to cluster the
shear stress gene expression level data. The statistical interpretation of the
clustering results would be: for each cluster, the null hypothesis that the all
the tags in the cluster respond to the shear stress in the same way cannot
be rejected at the level of 5%.

4.5

Identifying marker genes

Suppose we have two general groups of cell populations, for example, benign
and vicious breast tumor tissues. It would be interesting to know whether
the difference in fatality between these two general groups of cell populations
can be traced to the difference at the genetic level. In particular, we would
like to know whether there is a set of signature genes that are expressed
at one level in one cell population, and at a different level in another cell
population (van de Vijver et al 2002).
12

It is assumed that 0 × ∞ = 0.
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To identify such a set of genes, we cannot simply choose a benign breast
tumor tissue and a vicious breast tumor tissue, generate two SAGE libraries,
and identify those genes that are differentially expressed over the two tissues.
For example, suppose we have k types of benign tumors, call them B1 ,
· · ·, Bk , and l types of vicious tumors, call them V1 , · · ·, Vl . If we only
generate two libraries from B1 and V1 respectively, and find that gene G is
differentially expressed, we cannot conclude that G is a marker gene, because
it is possible that the expression levels of G in B1 and V2 are close to each
other. Thus, to search for the marker genes, we have to generate SAGE
libraries from each subtype of benign tumors and each subtype of vicious
tumors.

13

Suppose we already have the k libraries for the k types of benign tissues,
and l libraries for the l types of vicious tissues. How should we proceed to
find out the list of marker genes? One approach is based on the test for differentially expressed genes. First, using the test for differentially expressed
genes, we could find a list of genes that are not differentially expressed over
the benign tissues, and a list of genes not differentially expressed over the
vicious tissues. Then we collapse the libraries for the benign tumors into a
single library where the count of a tag t is the sum of the counts of t over all
the benign libraries. Similarly, we collapse the vicious libraries into a single
library. Then we use the test for differentially expressed genes again to find
13

Ideally we would like to have, for each subtype of tumor tissue, a SAGE library.
However, in practice, we may have to be satisfied with the libraries generated from some,
but not all, subtypes of the tumor tissues.
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a list of genes that are differentially expression over these two new libraries.
The intersection of these three lists would be a list of marker genes.
The main problem of the above approach is that it is too strong a condition to ask a marker gene to have constant expression levels over the benign
tissues and the vicious tissues respectively. For example, suppose we have
3 benign libraries and three vicious libraries, each of size 30000. Let the
counts of tag t, which represents gene G, be 0, 10, and 20 respectively in the
benign libraries, and 100, 200, and 300 respectively in the vicious libraries.
It is obvious that G is a marker gene. However, because the tag t would
certainly fail to make the first two lists in the above approach, gene G would
not be returned as a maker gene by the above approach.
In this section, we advance a different approach to identifying marker
genes. Similar to what we did with the housekeeping genes, our approach
begins with an effort to clarify the statistical interpretation of marker genes.
First, we should realize that the expression levels of a marker gene/tag
may be neither constant over the benign tissues, nor constant over the vicious tissues. Thus, it would be convenient to treat the expression levels of
a gene G or a tag t in the k benign tissues as a random sample of size k from
a certain distribution µb , and the expression levels of G or t in the l vicious
tissues as a random sample of size l from another distribution µv . [µb (µv )
will be called the distribution of the expression level of tag t in the benign
(vicious) tissues.] Let Fq,n be the conditional distribution of the count of a
tag in a library of size n given that the library is generated from a tissue
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where the expression level of that tag is q. Let X be the count of a tag t in
a SAGE library of size n generated from a benign tissue, and µb the distribution of the expression level of t in the family of benign tissues. It is easy
R
to see that the distribution of X is Fb (x; n) = Fq,n (x)dµb (q). Similarly, if

Y is the count of tag t in a library of size n generated from a vicious tissue,
R
then the distribution of Y would be Fv (y; n) = Fq,n (y)dµv (q). [Fb (x; n)

(Fv (y; n)) will be called as the distribution of the count of tag t in a library

of size n generated from a benign (vicious) tissue.]
Second, we note that what we expect from a marker gene G is that,
given the expression level of G in a tissue, we could determine, with more
or less confidence, whether this is a benign tissue or a vicious tissue. This
is equivalent to determining whether the count of tag t, which represents
G, is a sample from the distribution Fb (x; n) or the distribution Fv (y; n).
Obviously, the larger the difference between Fb (x; n) and Fv (y; n), the more
confident we are in determining whether the library is generated from a
benign tissue or not.
Now we are ready to give a statistical interpretation of the concept of
the marker gene. First, we need to choose a distance function to to measure
the distance between two distributions. Our choice is the total variation
distance, because it can be interpreted in the following way: Suppose a
data point is drawn randomly and with equal chance from one of the two
distributions µ1 and µ2 . Given the value of the data point, we are asked
to tell from which distribution the data point is drawn. We agree that
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knowing the distribution functions of µ1 and µ2 will help us. Let s be the
expected success rate of guessing after knowing the distribution functions.
The question is, how much better can we perform than random guessing,
which has an expected success rate of 0.5? It turns out that (s − 0.5) is
exactly half of the total variation distance between µ1 and µ2 . Because of
the above interpretation, in the context of searching for marker genes, we
shall call the total variation distance between two distributions µ1 and µ2
the contrast between µ1 and µ2 , and denote it by c(µ1 , µ2 ). The statistical
interpretation of marker gene, based on the concept of contrast, is then:
Definition 4. Let A be a general group of k cell populations: A1 , · · ·, Ak ,
and B another general group of l cell populations: B1 , · · ·, Bl . Let t1 and
t2 be two tags representing two genes G1 and G2 respectively. For i = 1, 2,
let FAi (x; n) (FBi (y; n)) be the distribution of the count of tag ti in a library
of size n generated from a sample of cells coming from a cell population in
A (B). Then we say t1 is a better marker gene than t2 at size n for the
two general groups of cell populations if and only if c(FA1 (x; n), FB1 (y; n)) >
c(FA2 (x; n), FB2 (y; n)). c(FAi (x; n), FBi (y; n)), the contrast between FAi (x; n)
and FBi (y; n), will be called the degree of separation of tag ti or gene Gi at
size n.
Based on the above interpretation, to search for the marker genes for
the two types of breast tumors from the SAGE libraries obtained from the
k benign tumors and l vicious tumors, all we need to do is to estimate
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the degrees of separation at a certain size for all the genes expressed in
those tissues, then put them in descending order. To estimate the degree
of separation for a tag t at size n, we will need to estimate Fb (x; n) and
Fv (y; n).
Given that we already have a statistical model for the SAGE data, it
is reasonable to adopt a parametric approach in estimating Fb (x; n) and
Fv (y; n). The parametric family of Fb (x; n) and Fv (y; n) depends on the
family of Fq,n , the conditional distribution of the count of tag t in a SAGE
library of size n given that the expression level of tag t is q, and the family
of µb and µv , the distributions of the expression levels of t in the two cell
populations. Based the discussion in section 1 of this chapter, we shall
assume that Fq;n is a binomial distribution with parameters (n, q). This
suggests that, for the sake of computational simplicity, we shall assume
that µb and µv are beta distributions with parameters (αb , βb ) and (αv , βv )
respectively. It then follows that Fb (x; n) and Fv (y; n) are beta binomial
distributions with parameters (n, αb , βb ) and (n, αv , βv ) respectively.
There are five parameters, n, αb , βb , αv , and βv , for Fb (x; n) and Fv (y; n).
Among them, n is actually an arbitrary constant, and does not needed to be
estimated from the SAGE data. Given that the sizes of most SAGE libraries
are around 30,000, we shall simply set n to 30,000. We only need to estimate
(αb , βb ) from the benign libraries, and (αv , βv ) from the vicious libraries.
Let us look at the estimation of (αb , βb ). Let x = (x1 , · · · , xk ) be the
counts of t in the k SAGE libraries that are generated from the k types
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of benign tumors respectively. Let n = (n1 , · · · , nk ) be the sizes of the k
libraries. According to the beta-binomial model, the log-likelihood function
for the counts of tag t in the k libraries is:

log P (x|n, αb , βb ) =

k
X
i=1

log P (xi |ni , αb , βb )

It seems straightforward to estimate αb and βb using the maximum likelihood estimation (MLE) method. Unfortunately, in practice, we might
encounter the cases where xi /ni is almost a constant for i = 1, · · · , k. In
these cases, the maximum likelihood estimations of αb and βb are likely to
diverge. To solve this problem, we transform the parameters αb and βb into
θb = αb /(αb + βb ) and ηb = 1/(αb + βb ). (Note that θb and θb (1 − θb )ηb
are the mean and the variance of the beta distribution with parameters
(αb , βb ).) Under the new parameterization, the log-likelihood function of
the Beta-Binomial distribution is:

log P (x|n, θb , ηb ) =

k 
X
i=1

14

 
ni
log
+ log Γ(xi + θb /ηb ) − log Γ(θb /ηb )
xi

+ log Γ(ni − xi + (1 − θb )/ηb ) − log Γ((1 − θb )/ηb )

− log Γ(ni + 1/ηb ) + log Γ(1/ηb )
14

Here we give two expressions of the log-likelihood function. The second expression
may appear to be computationally more efficient, because it does no use the log Gamma
function. However, from our experience, the algorithms based on the first expression,
which uses the log-likelihood function, could be much faster than those based on the
second expression.
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  xX
k 
i −1
X
θb
ni
=
log
log(j + )
+
ηb
xi
i=1

+

j=0

ni −x
Xi −1

log(j +

j=0


nX
i −1
1 − θb
1
log(j + )
)−
ηb
ηb
j=0

The first derivatives of the log-likelihood function are:



ni −x
xX
k
i −1
i −1
X
X
∂
1
1


log P (x|n, θb , ηb ) =
−
∂θb
θb + ηb j
1 − θb + ηb j
i=1
j=0
j=0

xX
ni −x
k
i −1
X
Xi −1
j
j
∂

log P (x|n, θb , ηb ) =
+
∂ηb
θb + ηb j
1 − θb + ηb j
j=0
i=1
j=0

nX
i −1
j 
−
1 + ηb j
j=0

In our algorithm, we use a version of gradient descent to get the MLE

estimation of θb and ηb from the SAGE data.

15

To improve the speed of

15

Theoretically, the Newton’s method may be also a good choice. To use Newton’s
method, we need the second derivatives of the log-likelihood function:
∂2
log P (x|n, θb , ηb )
∂θb2

=

−

"x −1
k
i
X
X
i=1

∂
log P (x|n, θb , ηb )
∂ηb2

=

∂2
log P (x|n, θb , ηb )
∂ηb ∂θb

=
=

j=0

"x −1
k
i
X
X

1
+
(θb + ηb j)2
2

j
+
2
(θ
b + ηb j)
i=1
j=0
#
ni −1
X
j2
−
(1 + ηb j)2
j=0

−

ni −xi −1

X
j=0

ni −xi −1

X
j=0

1
(1 − θb + ηb j)2

#

j2
(1 − θb + ηb j)2

∂2
log P (x|n, θb , ηb )
∂θb ∂ηb
#
"x −1
ni −xi −1
k
i
X
X
X
j
j
−
−
(θb + ηb j)2
(1 − θb + ηb j)2
j=0
i=1
j=0

However, a comparison of the running times shows that, for our data sets, the Newton’s
method is much slower than gradient descent.
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our algorithm, we use the moment estimations of θb and ηb as the starting
point (Tamura and Young 1987).
P
Let N = ki=1 ni , the moment estimation of θb = αb /(αb + βb ) is:
θˆb =
Let SS =

Pk

i=1 [(xi

Pk

i=1 xi

N

(4.1)

− ni θˆb )2 /ni ].

P
If θˆb (1 − θˆb ) ki=1 ni (1 − ni /N ) > SS > θˆb (1 − θˆb )(k − 1), the moment

estimation of ηb = 1/(αb + βb ) is:

ηˆb =

SS − θˆb (1 − θˆb )(k − 1)
P
θˆb (1 − θˆb ) k ni (1 − ni /N ) − SS

(4.2)

i=1

Otherwise, ηˆb = 0.

We apply our algorithm to the comparison of 3 SAGE libraries generated
from different types of human aortic endothelial tissues with 35 libraries of
other human tissues, including venous and lymphatic endothelial tissues.
The resulting 10 best marker genes for the aortic endothelial tissues, the
tags representing them, and the degrees of separation at size 30000 for these
tags are given in Table 4.7.
The concept of marker genes can also be defined for a set of more than
two general groups of cell populations. To do so, we only need to extend the
definition of contrast to measure the difference among a set of more than
two distributions:
Definition 5. Consider k distributions µ1 , · · · , µk on the space (X, X ). Let
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Tag
CCACCCTCAC
GCCACCACCA
TTTGCACCTT
GCAGAGCAGT
CTTTGTTTTG
TGCTGACTCC
AAACCAAAAA
GAAGCAGGAC
TGTCATCACA
CCTAGCTGGA

Separation
0.99
0.99
0.99
0.98
0.98
0.98
0.97
0.97
0.97
0.96

Gene
heparan sulfate proteoglycan 2 (perlecan)
intercellular adhesion molecule 2
connective tissue growth factor
lymphoblastic leukemia derived sequence 1
chromosome 20 open reading frame 43
hypothetical protein FLJ21841
endoglin (Osler-Rendu-Weber syndrome 1)
cofilin 1 (non-muscle)
lysyl oxidase-like 2
peptidylprolyl isomerase A (cyclophilin A)

Table 4.7: The 10 best marker genes for aortic endothelium

f1 , · · ·, fk be their derivatives with respect to a common measure ν. The
contrast among µ1 , · · · , µ2 is given by:
1
c(µ1 , · · · , µk ) =
k

Z


max fi −

X 1≤i≤k

1 X
fj
k−1
j6=i



dν

(4.3)

The search algorithm for the marker genes between two general groups
of cell populations could be used, with virtually no modification, to identify
marker genes among more than two general groups of cell populations.

Chapter 5

Conclusion
In this thesis I first discussed the problem of aggregation, and argued that, as
long as gene expression level data are obtained from aggregations of genes,
we could not learn the conditional independence relations, and to some
extent, even the correlations, among the expression levels of the genes in
a single cell. Then I showed how to model the SAGE data, and how to
learn from the SAGE data. Algorithms were proposed for searching for
housekeeping genes, clustering genes, and identifying marker genes. Not
surprisingly, the SAGE data model, and all these algorithms, are based
only on the expectations of the gene expression levels, the only piece of
information we could learn reliably given our current state of technology.
However, I am not claiming that it is impossible to learn anything about
the gene regulating mechanism beyond the expected expression levels. As
suggested at the end of chapter 2, there are currently two approaches to the
learning of the gene regulatory network that could, under certain conditions,
bypass the problem of aggregation. One is the intervention approach, where
148
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the expected expression levels of some genes are experimentally manipulated,
usually the genes are totally knocked out. It is expected that such dramatic
changes in the expected expression levels of the regulating genes could lead
to changes in the expected expression levels of the regulated genes, which
could be measured using current technology, including SAGE and microarray. While this approach might be not practical in the discovery of the gene
regulatory network (Danks et al, 2002), it certainly could be used to confirm
the regulatory networks obtained via other approaches.
The other approach is the genome-wide location analysis. The idea is to
determine, for each transcriptional factor f , the set of genes whose promoter
regions are bound to a compound containing f . Here again only the expected
relative frequencies of the promoter regions are needed to identify genes
regulated by a transcriptional factor, hence it is not affected by the problem
of aggregation. Suppose gene G1 encodes protein f , and f is found in the
compound bound to the promoter region of gene G2 , then obviously G1
regulates G2 . Based on pieces of such information, we can build directly
a gene regulatory network. This technology is very promising because the
number of measurements needed to construct a global regulatory network is
linear in the number of transcriptional factors. Indeed, a global regulatory
network for yeast has been build using this approach (Lee et al, 2002).
Finally, I would like to point out that the technology for analyzing the
expression levels of a small set of genes in a single cell has been around for
a few years (Emmert-Buch et al 1996). We should not ignore the possibility
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that the development of the technology will soon make the measurement of
the expression levels of all genes in a single cell efficient. If this is the case,
the causal inference algorithms mentioned in chapter 2 could be again used
to discover gene regulatory networks. Of course, we need to be aware of
the effect of PCR on the variance of the measured gene expression levels,
because now a relatively small number of mRNAs are used as input. For example, if the new technology is an improved version of the SAGE technology
that requires only a single cell as input, the distributions of the counts of
the tags in the final data could be no longer approximated by multinomial
distributions. Instead, we should use the SAR model described in section 1
of chapter 4, and make sure that the protocol of the experiment includes the
measurement of the parameters of the SAR model, especially the number of
all mRNAs in the input cell and the PCR efficiency.
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Web Site References
GeneEd Biotechnology Glossary
—http://www.geneed.com/glossary/index.html
SAGE Anatomic Viewer at the website of the Cancer Genome Anatomy
Project (CGAP), National Cancer Institute (NCI)
—http://cgap.nci.nih.gov/SAGE/AnatomicViewer
SAGE lab at the Graduate School of Public Health of the University of
Pittsburgh
—http://www.genetics.pitt.edu/sage/
SAGEmap at National Center for Biotechnology Information (NCBI)
—http://www.ncbi.nlm.nih.gov/SAGE/
SAGEmap’s FTP site at NCBI
—ftp://ftp.ncbi.nih.gov/pub/sage
Schilstra, M. (2002), NetBuilder
—http://strc.herts.ac.uk/bio/maria/NetBuilder

Glossary
A great online source for the biological terminology is the GeneEd Biotechnology Glossary at http://www.geneed.com/glossary/index.html.
FDR: False Discovery Rate, the expectation of the ratio of the number of
tests where the null hypothesis is falsely rejected to the number of tests
where the null hypothesis is rejected.
Microarray: A technology for measuring gene expression levels. See Chapter 1, pp. 1–3.
SAGE: Serial Analysis of Gene Expression, a technology for measuring gene
expression levels. See Chapter 1, pp. 3–5.
SAR: Sampling, Amplification, and Resampling, a sampling scheme abstracted from the SAGE protocol. See Chapter 3. pp. 58–59.
Tag: In this thesis by a tag we mean a SAGE tag, a 10-base long fragment
of cDNA sequence that could be used to represent the mRNA transcript of
a gene. See Chapter 1, pp. 3–4.
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