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Hilbert’s 1928 article, to which this piece is an appendix, was presented in
July 1927 to the Hamburg Mathematical Seminar. Hilbert had first introduced
his program for the foundations of mathematics in the same venue in a series of
talks in 1921 (Hilbert, 1922). In the 1927 talk, he presented a mature version of
his program, including technical details of the axiomatization of mathematics
based on the ε-calculus, Hilbert’s ε-substitution method, as well as a discus-
sion of the finitary standpoint. Bernays’s appendix concerns the ε-substitution
method.

The ε-calculus is a version of first-order logic which contains the ε-operator
instead of quantifiers. Given a formula A(a) with free variable a, the ε-operator
can be used to form a term εaA(a) (an “ε-functional”). Intuitively (if A contains
no free variables other than a), it provides a witness for A(a), if one exists, and
an arbitrary object otherwise. The ε-calculus is the quantifier-free first-order
calculus with identity in a language including the ε-operator, and the additional
transfinite axiom,

A(a) → A(εaA(a)).

Note that in the version of the first-order calculus used by Hilbert and Bernays,
A is a formula variable, and the rule of substitution (for object and formula
variables) allows the derivation of any instance of the transfinite axiom. Such
an instance, e.g.,

A(a) → A(εaA(a)),

where a is a term, is called a critical formula. Using the ε-operator and the
transfinite axiom, quantifiers may be defined by

(a)A(a) ↔ A(εaA(a)) and (∃a)A(a) ↔ A(εaA(a)).

The ε-substitution method is a method to remove ε-functionals from proofs in
number-theoretic systems formulated in the ε-calculus. The basic idea is that in
such a proof, ε-functionals can be replaced by concrete numerical terms; if the
end-formula does not contain an ε-operator, this would result in a proof of the
same formula which does not use the ε-operator altogether. If the ε-substitution
method itself is a finitary operation, then this yields a finitary consistency proof:
The formula 0 = 1 does not contain the ε-operator, so if there were a proof of

1



it in the full system, there would have to be a proof not using ε-operators, and
this can be finitarily seen to be impossible.

The ε-substitution method was originally introduced by Hilbert (1923), but
only outlined for the case where all critical formulas share the same formula
A(a). In that case, a two-step procedure suffices: First, replace εaA(a) every-
where by 0. If, after this replacement, all critical formulas result in correct
formulas (i.e., true equalities and inequalities between numerical terms), we are
done. Otherwise, at least one critical formula A(a) → A(0) is incorrect, in which
case A(a) must be correct. In this case, replacing εaA(a) by a results in a correct
proof. However, the general case is significantly more complicated: In general,
ε-functionals may be nested, and they may be nested in two ways. First, an
ε-functional may be embedded (eingelagert) in another, in which case no outer
ε binds a variable occurring in the embedded functional. Second, ε-functionals
may be in superposition (Überordnung), in which case cross-binding of variables
does occur, as in Bernays’s example εaA(a, εbK(a, b)). These complications re-
quire a more sophisticated substitution procedure, in which a sequence of total
replacements of numerical terms for the ε-functionals occurring in a proof is
computed, which sequence ends in a correct total replacement. It is then also
required to give a bound on the length of such a sequence.

Ackermann (1924) extended the ε-substitution method to cover these more
complicated cases of embedding and superposition in proofs in the ε-calculus.
Indeed, the system considered by Ackermann also contained second-order ε-
operators εf , and so was a formalization of a fragment of analysis. However, it
soon became clear that the procedure did not work in the generality envisaged
by Ackermann. In a paper submitted for publication in 1925, von Neumann
(1927) introduced some simplifications of Ackermann’s original approach to the
substitution method, which Ackermann incorporated into a new substitution
procedure for first-order number theory based on the ε-calculus. Ackermann
communicated this procedure to Bernays by letter only. It is this procedure
which Bernays describes in his appendix to Hilbert’s paper, and which is carried
out in detail in Hilbert and Bernays (1939, §2). The new procedure, however,
breaks down in the presence of the induction axiom, which in the ε-calculus
takes the form

(εaA(a) = b′) → A(b).

In particular, Bernays’s claim in part 3 of his note is incorrect. This error was,
however, not discovered until Gödel’s second incompleteness theorem cast into
doubt the possibility of a finitary consistency proof, and when von Neumann
found a counterexample to the alleged bound on the length of the sequence
of total replacements. It was not until after Gentzen (1936) provided a con-
sistency proof for first-order arithmetic that Ackermann (1940) gave a correct
ε-substitution procedure, which, like Gentzen’s proof, used transfinite induction
up to ε0. For further details on these early consistency proofs, see Zach (2003,
2004).
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