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21.  Mathematics as both familiar and unknown

The present paper originated as a lecture given to a symposium on 31 August 1954 in Purmerend, Netherlands, celebrating the 300th birthday of the Dutch natural philosopher Bernard Nieuwentijt (1654-1718), who lived and worked there.  Bernays does not make any allusion to Nieuwentijt's work in his paper or mention the occasion in the reprint in [1976b].

As the title suggests, this elegant short essay is structured around the contrast between respects in which mathematics is, as he puts it in the first paragraph, a domain where the human mind feels at home, and the philosophical difficulties that mathematics gives rise to.  One possible way of formulating the first aspect is in terms of the traditional rationalist picture of mathematics as clear, certain, necessary, and a priori.  Bernays does not follow this paradigm, although elements of it, particularly clarity, enter in.  He emphasizes the origin of mathematics in "quite elementary ideas" and its ability, by suitable concept formation and reasoning, to achieve results that can be applied again to the concrete.  He singles out three elements:  origin in intuition, logical reasoning, and applicability first to objects of everyday perception and then beyond it, presumably in scientific applications.  He says that they correspond roughly to the intuitive, theoretical, and experimental aspects distinguished by Ferdinand Gonseth.  "Familiarity" seems to involve not just what the rationalist picture singles out but also a connection with everyday experience, although he mentions later (and emphasizes elsewhere) the idealization involved in mathematical concept formation.  As in most of his other writings, he does not undertake to explain his conception of intuition.

After briefly pointing out how Greek and early modern science introduced elements of unfamiliarity, Bernays turns to the foundations of mathematics proper.  The "picture of an impressive triumphal march" (p. 3) is reinforced by the nineteenth-century revolution in mathematics, which Bernays reasonably says "has never come sufficiently to the consciousness of educated humanity" (p. 4).
  But this revolution resulted in a loss of familiarity in some respects, well known from the criticism of the set-theoretic turn in mathematics.  This led to a call to return to the concrete, which was attempted in one way by intuitionism and in another by Hilbert's use of formalization.

Bernays comments on [Heyting, 1953], where it is argued that "in classical mathematics intuitive and formal elements are combined without clear distinction" (p. 6).  Bernays concludes from his remarks about Heyting that we must reject the idea that "in scientific inquiry the object must be given to us prior to it" (ibid.).  He also says that the combination of intuitive and formal elements in classical mathematics is not a defect.  In some remarks on number theory, in keeping with his emphasis on idealization, he notes that "even in finitist number theory we are no longer in the sphere of the genuinely concrete" (ibid.), not only because large numbers cannot be "exhibited in imagination" but because universal number-theoretic statements cannot be reduced to anything more primitive.  The feeling of familiarity and even of obviousness of number theory is an acquired evidence, resting on successful development of the idea of the potential infinity of the number sequence.

Such evidence, Bernays argues, is essential in mathematics, in spite of the tendency of philosophy to replace it with "evidence ab ovo", a point of view that we would call foundationalism.  We need to give up the idea that mathematics is something obvious; the element of familiarity in it is an "acquired familiarity" (p. 8).  Bernays goes so far as to say that the possibility of extrapolating by mathematical laws the intuitive relations of numbers and figures is "basically as non-obvious as the possibility of discovering physical laws of nature" (ibid.).  Furthermore, although he is willing to speak of "phenomenology of the mind" in relation to mathematics,
 he clearly rejects a subjectivistic interpretation of the use of such terms.

Bernays' anti-foundationalism will remind contemporary readers of Quine, but although there is some affinity,
 the difference of their points of view is considerable.  Bernays shows no sign of sharing Quine's empiricism; his epistemology of mathematics grants to it an autonomy that Quine seems to deny.  Critical as Bernays often is of Kant, something of Kant's conception of pure intuition survives in his view, although it seems to operate at the most elementary levels of a mathematics that has a superstructure Kant could hardly have imagined, and even there it is surpassed in the conceptual development.

Bernays closes by saying that we should not have a too simplistic conception of mathematics.  Although the paper breaks little new ground, it is as successful a brief presentation of his point of view as Bernays wrote, and it has many distinctive formulations even of quite familiar matters.


Additional references


Beth, E. W., 1955.  Nieuwentijt's significance for the philosophy of science.  Synthese 9, 447-453.

--------------, 1959.  The Foundations of Mathematics.  Amsterdam:  North-Holland.

Freudenthal, Hans, 1955.  Nieuwentijt und der teleologische Gottesbeweis.  Synthese 9, 454-464.

Heyting, Arend, 1953.  Sur la tâche de la philosophie des mathématiques.  Proceedings of the XIth International Congress of Philosophy, Brussels, 20-26  August 1953, pp. 193-198.  Amsterdam:  North-Holland, and Louvain:  E. Nauwelaerts.

Stein, Howard, 1988.  Logos, logic, and logistiké.  Some philosophical reflections on the nineteenth-century transformation of mathematics.  In William Aspray and Philip Kitcher (eds.), History and Philosophy of Modern Mathematics, pp. 238-259.  Minnesota Studies in the Philosophy of Science, volume XI.  Minneapolis:  University of Minnesota Press.
� On Nieuwentijt's thought see [Beth, 1955] and [Freudenthal, 1955], both presented in the same symposium, as well as [Beth, 1959], pp. 38-42.  The symposium was a few days before the International Congress of Mathematicians in Amsterdam, which Bernays attended and where he presented a contributed paper; see [1954e].


� I don't know a passage where Bernays explains what he means by 'Anschauung'.  It would take us too far afield to explore the question.  About the scope of intuition and probably also its meaning, the most informative texts are probably [1930a] and [1946a].  In [1930a] see especially §3; at the very end of his postscript in [1976b] he indicates how his view has changed.


� A later, classic argument for the importance of that revolution is [Stein, 1988].


� Bernays mentions the difference of his understanding of this term from Hegel's; there is clearly also a difference from Husserl's, although he does not mention Husserl here and rarely mentions him elsewhere.  The issue of subjectivism mentioned in the text is more likely to arise in relation to Husserl than in relation to Hegel.


� With respect to the a priori, see the introduction to [1950b].





